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Motivation

Big Question: To what extent is a sequence determined by it
autocorrelation?

Knowing the autocorrelation is the same as knowing the magnitude
of the Fourier transform without the phase information.

Reconstruction from Fourier magnitudes without phase information
is called the problem of phases.

Example: in x-ray crystallography, the diffraction pattern gives you
the magnitude of the Fourier transform of the electron density of a
molecule without the phases = autocorrelation of electron density.

We are interested in the discrete, one-dimensional (sequences)
analogue of this problem.
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Aperiodic Autocorrelation of Sequences

For a sequence of length ℓ

f = (f0, f1, . . . , fℓ−1) ∈ Cℓ,

the aperiodic autocorrelation of f at shift s (for s ∈ Z) is

Cf (s) =
∑
j∈Z

fj+s fj

(where we formally consider fj = 0 when j ̸∈ {0, 1, . . . , ℓ− 1}).

0 0 f0 f1 f2

· · ·

fℓ−s−2 fℓ−s−1 · · · fℓ−2 fℓ−1

f0 f1 · · ·

· · · fℓ−2 fℓ−1

f0 f1 · · · fs fs+1 fs+2

· · ·

fℓ−2 fℓ−1 0 0

2



Aperiodic Autocorrelation of Sequences

For a sequence of length ℓ

f = (f0, f1, . . . , fℓ−1) ∈ Cℓ,

the aperiodic autocorrelation of f at shift s (for s ∈ Z) is

Cf (s) =
∑
j∈Z

fj+s fj

(where we formally consider fj = 0 when j ̸∈ {0, 1, . . . , ℓ− 1}).

0 0 f0 f1 f2

· · ·

fℓ−s−2 fℓ−s−1 · · · fℓ−2 fℓ−1

f0 f1 · · ·

· · · fℓ−2 fℓ−1

f0 f1 · · · fs fs+1 fs+2

· · ·

fℓ−2 fℓ−1 0 0

2



Aperiodic Autocorrelation of Sequences

For a sequence of length ℓ

f = (f0, f1, . . . , fℓ−1) ∈ Cℓ,

the aperiodic autocorrelation of f at shift s (for s ∈ Z) is

Cf (s) =
∑
j∈Z

fj+s fj

(where we formally consider fj = 0 when j ̸∈ {0, 1, . . . , ℓ− 1}).

0 0

f0 f1 f2

· · ·

fℓ−s−2 fℓ−s−1 · · · fℓ−2 fℓ−1

f0 f1 · · ·

· · · fℓ−2 fℓ−1

f0 f1 · · ·

fs fs+1 fs+2

· · ·

fℓ−2 fℓ−1

0 0

2



Aperiodic Autocorrelation of Sequences

For a sequence of length ℓ

f = (f0, f1, . . . , fℓ−1) ∈ Cℓ,

the aperiodic autocorrelation of f at shift s (for s ∈ Z) is

Cf (s) =
∑
j∈Z

fj+s fj

(where we formally consider fj = 0 when j ̸∈ {0, 1, . . . , ℓ− 1}).

0 0 f0 f1 f2

· · ·

fℓ−s−2 fℓ−s−1 · · · fℓ−2 fℓ−1

f0 f1 · · ·

· · · fℓ−2 fℓ−1

f0 f1 · · ·

fs fs+1 fs+2

· · ·

fℓ−2 fℓ−1 0 0

2



Aperiodic Autocorrelation of Sequences

For a sequence of length ℓ

f = (f0, f1, . . . , fℓ−1) ∈ Cℓ,

the aperiodic autocorrelation of f at shift s (for s ∈ Z) is

Cf (s) =
∑
j∈Z

fj+s fj

(where we formally consider fj = 0 when j ̸∈ {0, 1, . . . , ℓ− 1}).

0 0 f0 f1 f2

· · ·

fℓ−s−2 fℓ−s−1

· · · fℓ−2 fℓ−1

f0 f1 · · ·

· · · fℓ−2 fℓ−1

f0 f1 · · · fs fs+1 fs+2

· · ·

fℓ−2 fℓ−1 0 0

2



Aperiodic Autocorrelation of Sequences

For a sequence of length ℓ

f = (f0, f1, . . . , fℓ−1) ∈ Cℓ,

the aperiodic autocorrelation of f at shift s (for s ∈ Z) is

Cf (s) =
∑
j∈Z

fj+s fj

(where we formally consider fj = 0 when j ̸∈ {0, 1, . . . , ℓ− 1}).

0 0

f0 f1 f2

· · ·

fℓ−s−2 fℓ−s−1

· · · fℓ−2 fℓ−1

f0 f1 · · ·

· · · fℓ−2 fℓ−1

f0 f1 · · ·

fs fs+1 fs+2

· · ·

fℓ−2 fℓ−1

0 0

2



Autocorrelation at shift zero

The autocorrelation at shift 0 is just the squared Euclidean norm
of the sequence:

Cf (0) =
ℓ−1∑
j=0

|fj |2.

For a binary sequence of length ℓ, since our f0, . . . , fℓ−1 are in
{1,−1} (and all other fj = 0), we have

Cf (0) =
ℓ−1∑
j=0

|fj |2 = ℓ.
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Laurent polynomials on the unit circle
Identify sequences with polynomials:

f = (f0, . . . , fℓ−1) ↔ f (z) = f0 + f1z + · · ·+ fℓ−1z
ℓ−1 ∈ C[z ].

Think of polynomials on the complex unit circle, so define

f (z) = f0 + f1z
−1 + · · ·+ fℓ−1z

−(ℓ−1).

The autocorrelation spectrum of f is

f (z)f (z) =
∑
s∈Z

Cf (s)z
s .

The Laurent polynomial ring C[z , z−1] has elements are all∑
j∈Z ajz

j with aj ’s in C and all but finitely many aj ’s are zero.

Restrict to some subfield F of C, e.g., use F [z , z−1] for

• F = Q(e2πi/m) (contains the terms of m-ary sequences), or

• F = Q (contains the terms 1,−1 of binary sequences).

These subfields are self-conjugate (closed under conjugation).
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Associate Laurent polynomials

F is a subfield of C.

The Laurent polynomial ring F [z , z−1] has elements are all∑
j∈Z ajz

j with aj ’s in F and all but finitely many aj ’s are zero.

Group of units F [z , z−1]× = {cz j : c ∈ F×, j ∈ Z}.

Associates of f (z) in F [z , z−1] are of the form cz j f (z), which

• shifts f (z) by j places, and

• scales the terms by c .

We consider associate sequences to be essentially the same.

Associateness is an equivalence relation, and the class of associates
of f in C[z , z−1] is written [f ].

If F is a subfield of C, the class of associates of f in F [z , z−1] is
[f ]F = [f ] ∩ F [z , z−1].
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Equicorrelationality

Suppose that f (z) and h(z) are associate sequences.

Then f (z) = cz jh(z) for some c ∈ C× and j ∈ Z, so

f (z)f (z) = cz jh(z)cz−jh(z) = |c |2h(z)h(z),

and so f and h have the same autocorrelation spectrum up to a
positive real scaling |c |2.

We define two sequences f and g to be equicorrelational is
f f = agg for some positive real number a.

Therefore, associate sequences are always equicorrelational.

Are there any other ways in which sequences could be
equicorrelational?
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Trivial equicorrelationality

Recall: associate sequences are equicorrelational.

The conjugate f (z) of a sequence f (z) is also equicorrelational to
f (z) since

f (z) f (z) = 1f (z) f (z),

and then any associate of f (z) is also equicorrelational to f (z).

We say that f and g are trivially equicorrelational to mean that g
is associate to either f or f .

Trivial equicorrelationality is an equivalence relation that is coarser
than associateness, and the trivial equicorrelationality class of f in
C[z , z−1] is written [[f ]] = [f ] ∪ [f ].

If F is a subfield of C, the we can restrict to F [z , z−1] by taking
[[f ]]F = [[f ]] ∩ F [z , z−1].
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Nontrivial equicorrelationality
If we confine ourselves to binary sequences, it is not so easy to find
an example of equicorrelationality that is nontrivial.

These two binary sequences of length 9 are equicorrelational and
are not associates nor is one the associate of the other’s conjugate
(reverse):

f = + – – – + + – + +

g = + – – + – – – + +

Both have autocorrelation spectrum

z−8 − 3z−6 + z4 − 3z2 + 9z0 − 3z2 + z4 − 3z6 + z8, i.e.,

Cf (s) = Cg (s) =


9 if s = 0

−3 if s ∈ {±2,±6}
1 if s ∈ {±4,±8}
0 otherwise.
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Equivalence relations

Relation Class Class restricted to F [z , z−1]

Associate [f ] [f ]F
Trivial equicorrelational [[f ]] = [f ] ∪ [f ] [[f ]]F = [f ]F ∪ [f ]F
Equicorrelational [[[f ]]] [[[f ]]]F

Associate ≺ Trivial equicorrelational ≺ Equicorrelational

A generalized palindrome is an f ∈ C[z , z−1] such that f is
associate to f : then [f ] = [f ] so [[f ]] = [f ].

Binary examples: f is a palindrome, g is an antipalindrome

f = + – – – – +

g = + – – + + –

Self-conjugate associate classes are entirely made of generalized
palindromes; other associate classes have none.
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Main theorem
F is a self-conjugate subfield of C and factorize f ∈ F [z , z−1]∖{0}

f (z) = uf a11 · · · f amm gb1
1 · · · gbn

n g1
c1 · · · gncn

with u a unit, the rest F [z , z−1]-irreducibles, with f1, . . . , fm being
generalized palindromes.

Then

[[[f ]]]F =
⋃

b′,c ′∈Nn

b′+c ′=b+c

[
f a11 · · · f amm g

b′1
1 · · · gb′n

n g1
c ′1 · · · gnc

′
n

]
F

=
⋃

b′,c ′∈Nn

b′+c ′=b+c
b′≤c ′

[[
f a11 · · · f amm g

b′1
1 · · · gb′n

n g1
c ′1 · · · gnc

′
n

]]
F
.

•
∏n

j=1(bj + cj + 1) disjoint associate classes; at most one is
self-conjugate and the others occur in conjugate pairs.

•
⌈(∏n

j=1(bj + cj + 1)
)
/2
⌉
disjoint trivial equicorrelationality

classes.
• The sequence f is nontrivially equicorrelational to some other
sequence in F [z , z−1] if and only if

∏n
j=1(bj + cj + 1) ≥ 3.
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Predecessors and consequences of main theorem

The Main Theorem works over a subfield F of C.

• If F = C, recapitulates results Beinert and Plonka (2015),
which recapitulates results of Fejér (1916).

• If F = R, recapitulates results of Beinert and Plonka (2015).

• We are interested in much smaller F ’s: e.g., F = Q for binary
sequences.

Some corollaries of Main Theorem:

• Generalized palindromes that are equicorrelational must be
associates.

• A binary palindrome cannot be equicorrelational to a binary
antipalindrome.

• A real palindrome cannot be equicorrelational to a real
antipalindrome.
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Exhaustive search for equicorrelational binary sequences
volume = # of triv. equicorr. classes in an equicorr. class

8230 [2] + 16 [4] means 8230 classes of volume 4 and 16 of vol. 2

len. nontriv. len. nontriv. len. nontriv.

1 16 12 [2] 31 26 [2]
2 17 1 [2] 32 1136 [2]
3 18 42 [2] 33 1105 [2]
4 19 34 30 [2]
5 20 44 [2] 35 349 [2]
6 21 67 [2] 36 8230 [2] + 16 [4]
7 22 37
8 23 38
9 1 [2] 24 422 [2] 39 4102 [2]
10 25 36 [2] 40 6288 [2]
11 26 41 4[2]
12 8 [2] 27 348 [2] + 1 [4] 42 17574 [2]
13 28 180 [2] 43 22 [2]
14 29 44 3104 [2]
15 14 [2] 30 1214 [2]
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Equivocal binary sequences and lengths

A binary sequence is equivocal if it is nontrivially equicorrelational
to another binary sequence.

A positive integer n is equivocal if there is at least one equivocal
binary sequence of length n.

Result: If m | n and m is equivocal, then n is also equivocal.

(Proof idea: if f and g are nontrivially equicorrelational, then so
are f |f | · · · |f and g |g | · · · |g .)

Open Question 1: Are there infinitely many unequivocal numbers?

Open Question 2: Count the number En of equivocal binary
sequences of length n. Does En/2

n tend to 0 as n → ∞?

13
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