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Generalized Boolean functions

Definition

A function f : Vg,p) — Zyx is called a generalized p-ary function.
If p=2, f is called a generalized Boolean function.

Any such function can be uniquely represented as
f(x) = ao(x) + ar(x)p+ - + ak_1(x)p**

with ag, a1, -+ ,ak_1 ng,p) — Fp.
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Generalized bent functions

The generalized Walsh transform of a function f : Vg,p) — Zpk is defined as

He(c,u)= Y ¢

XEVS,p )

. k .
for each nonzero ¢ € Z,« and u € Vg,p) where (= e and(p = e2mi/p.

v

Definition

f is a generalized bent function if

|He(1, u)| = p"/? for each u € vip),

Notation : #H¢(1,u) = Hr(u).
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EA-equivalence in generalized Boolean functions

Two functions f, g : Vg,p) — Z, are extended affine equivalent if
g(x) = ¢2(f(¢1(x) + a)) + ¢(x) + b

for a linear permutation ¢; of Vi), ¢2 € Aut(Zpyk), ¥ € Hom(VS,p),Z «),
acvP) be Zpi.

If » =0, then f and g are affine equivalent, and linear equivalent if
additionally a=0, b = 0.
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CCZ-equivalence in generalized Boolean functions

Definition
f,g : Fpn — Zpk are CCZ-equivalent if

{(x,8(x)) : x €Fpn} = {B(A,z,¢,7)(x, f(x)) + (u,v) : x € Fpn}

where ¢(A, z,¢,7) € Aut(Fpn x Z,) and (u,v) € Fpn X Zpk.
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CCZ-equivalence in generalized Boolean functions

Definition
f,g : Fpn — Zpk are CCZ-equivalent if

{(x,8(x)) : x €Fpn} = {B(A,z,¢,7)(x, f(x)) + (u,v) : x € Fpn}

where ¢(A, z,¢,7) € Aut(Fpn x Z,) and (u,v) € Fpn X Zpk.

To understand the CCZ-equivalence for generalized p-ary functions, we
need the description of Aut(F,n x Z ).
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CCZ-equivalence in generalized Boolean functions

Theorem (C., Meidl, 2024)
The elements of Aut(Fpn x Z k) are (A, z, ¢, v) with

P(A,2,¢,7)(x,y) = (A(X) + az(y), Be(x) +y),

where A is a linearized permutation of Fpn, v € Z:k, and for z,c € Fpn,
the maps oz : Zpx — Fpn and Bc - Fpn — Zpk are given by

az(y) = z(y mod p),
Be(x) = pF 1T, (cx).
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CCZ-equivalence in generalized Boolean functions

f,g : Fpn — Zyk are CCZ-equivalent if

{(x. g(x)) : x €Fpr} ={ &(A,z,¢,7)(x,f(x)) +(u,v):x€Fp}
(AG)ez(F(x)). Be()+7F(x)

where
az(f(x)) Be(x)
—_——
$(A,2,¢,7)(x, f(x)) = (A(x)+ 2(F(x) mod p), P Trn(ex) +7F(x))

with (u,v) € Fpn x Zpk, A'is a linearized permutation of Fpn, v € Z:k,
zZ,C € Fpn.
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CCZ-equivalence in generalized Boolean functions

f,g : Fpn — Zyk are CCZ-equivalent if

{(x. g(x)) : x €Fpr} ={ &(A,z,¢,7)(x,f(x)) +(u,v):x€Fp}
(AG)ez(F(x)). Be()+7F(x)

where
az(f(x)) Be(x)
—_——
$(A,2,¢,7)(x, f(x)) = (A(x)+ 2(F(x) mod p), P Trn(ex) +7F(x))

with (u,v) € Fpn x Zpk, A'is a linearized permutation of Fpn, v € Z:k,
zZ,C € Fpn.

e f(x) mod p = ap(x).
o If z=0, then f and g are EA-equivalent.
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Equivalence of functions between elementary abelian

groups

When we have functions between elementary abelian groups

@ CCZ-equivalence is coarser than EA-equivalence.
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Equivalence of functions between elementary abelian

groups

When we have functions between elementary abelian groups
@ CCZ-equivalence is coarser than EA-equivalence.

@ Algebraic degree and the number of bent components are invariant
under EA-equivalence but not under CCZ-equivalence.

@ Two Boolean or p-ary functions are CCZ-equivalent iff they are
EA-equivalent.

@ Two (vectorial) bent functions are CCZ-equivalent iff they are
EA-equivalent.

Budaghyan, Carlet (2010, 2011), Budaghyan, Helleseth (2011)
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Results on CCZ and EA Equivalence of generalized

Boolean functions

Which of the above results can be generalized to generalized Boolean or
p-ary functions? Can we identify classes of generalized Boolean (p-ary)
functions such that EA- and CCZ-equivalence do (not) coincide?
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Results on CCZ and EA Equivalence of generalized

Boolean functions

Which of the above results can be generalized to generalized Boolean or
p-ary functions? Can we identify classes of generalized Boolean (p-ary)
functions such that EA- and CCZ-equivalence do (not) coincide?

Let p be an arbitrary prime. For functions from Vs,p ) to Lk
CCZ-equivalence is more general than EA-equivalence.
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CCZ-equivalence is coarser than EA-equivalence

o EA-equivalence preserves the algebraic degree of the components
(and their linear combinations) and the number of bent components.
CCZ-equivalence does not necessarily preserve them.

@ To show that CCZ is coarser than EA-equivalence, we need to find an
example where CCZ changes the algebraic degree.

@ The CCZ equivalence should transform the graph of f to the graph of
another function. That gives a special condition on ag.

Even with that condition if ag(x) is linear then CCZ drops down to EA. So
we need a special ag which is not linear to show CCZ is coarser than EA.

Ayca Cesmelioglu Construction and equivalence for generalized 10 / 23



Consider the extension field Fy: = Fa(w) where w is the root of the
polynomial x* 4+ x + 1 € F»[x]. Choose the automorphism ¢(A, z, ¢, )
with the linear permutation A(x) = x® + wx? of Fys and z = w. Then

§ = A"(z) = wl*. We select

=W+ 1)x2 + (w2 + w)x + (WP + w? +1)x° + (W + 1)x8
+ WA w D)X+ (WP w+1)x5 + (WP w o 1)x*

+ (W2 w? Fw)E+ (W w? w4+ (WP w? o 1)x

ao(X)

so that p(x) = A(x) + zap(x) = x8 + wx? + wag(x) is a permutation of
Fos. For a; we take the quadratic bent function

a1(x) = Tra(w*x3).

Then f : Fys — Z4 equals f(x) = ag(x) + 2a1(x) where each of ag, a; and
aop + a1 is quadratic.
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Moreover, the Walsh spectrum of ag is {—81,0127 83}, the Walsh spectrum
of ay is {—4°,410} (a; is a bent function), and ag + a1 has Walsh

spectrum {—8% 0%, 83}.
We choose ¢ =1 and v =1 for simplicity and from f, with the
automorphism (A, z, ¢, ), we obtain the CCZ-equivalent function

g(x) = (o™ (x)) + 2Tra(cp™ (x))
= ao(p (%)) + 2(a1(p~H(x)) + Tra(p ™ *(x)))
= b()(X) + 2b1(X).
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Example continues

Then for the algebraic degrees and the Walsh spectra of
bo(x) = ao(p~'(x)), bi(x) = a1(p~(x)) + Tra(p~(x)) and
bo(x) + b1(x) we have the following:
- bo has algebraic degree 2 and Walsh spectrum {—8!,012 83},
- by has algebraic degree 3 and Walsh spectrum {—4%, 0° 4% 82},

- bg + b1 has algebraic degree 3 and Walsh spectrum
{—8!,—42,0°, 4° 8}.
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Example continues

Then for the algebraic degrees and the Walsh spectra of

bo(x) = ao(p~*(x)), ba(x) = ar(p~*(x)) + Tra(p~*(x)) and
bo(x) + b1(x) we have the following:

- bo has algebraic degree 2 and Walsh spectrum {—8!,012 83},
- by has algebraic degree 3 and Walsh spectrum {—4%, 0° 4% 82},
- bg + b1 has algebraic degree 3 and Walsh spectrum
{—8!,—42,0°,4° 8}
The Walsh spectrum of all components of both f and g are

{82, —4° 024 410 861 which is fixed under CCZ-equivalence. But the
number of bent components changed!
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CCZ-equivalence is coarser than EA-equivalence

We can extend the previous example to a function F Fos X G — Zg,
where G is a finite abelian group, using a result from Pott, Zhou (2013).
And by adding dummy components, we can extend the result to
generalized Boolean functions.

For the generalized Boolean functions f : Fon — Zyx, CCZ-equivalence is
coarser then EA-equivalence.

We obtain a similar result for p = 3 and we aim to extend the result to
general p using the same method.
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When does CCZ-equivalence drop down to EA?

Theorem

Let f: VP — Z,x be given as f(x) = x 01 ai(x)p'.
If

@ the Walsh transform of aqy satisfies W,,(b) # 0 for all b € v o
@ ag Is linear,

then CCZ-equivalence drops down to EA-equivalence.
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Characterization of generalized bent functions

Recall f is a generalized bent (gbent) function if

|He(1, u)| = p"/? for each u € viP),

Theorem (Mesnager et al., 2018)
Let p =2 and n be even, or let p be odd and n be an arbitrary integer.

f(x) = ao(x) + - + ax_2(x)p* 2 + ak_1(x)p" L.

f: VS,”) — Ly is a gbent function, if and only if for every C : Vs,p) — Fp
which is constant on the sets of the partition P,, the function
ak—1(x) + C(x) is bent.
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|He(1, u)| = p"/? for each u € viP),

Theorem (Mesnager et al., 2018)
Let p =2 and n be even, or let p be odd and n be an arbitrary integer.

f(x)=ao(x)+ -+ ak_z(x)pk_2 + ak_l(x)pk_l.
f: VS,”) — Ly is a gbent function, if and only if for every C : Vs,p) — Fp
which is constant on the sets of the partition P,, the function
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Characterization of generalized bent functions

Recall f is a generalized bent (gbent) function if

|He(1, u)| = p"/? for each u € viP),

Theorem (Mesnager et al., 2018)
Let p =2 and n be even, or let p be odd and n be an arbitrary integer.

f(x) = ao(x) + - + ax_2(x)p* 2 + ak_1(x)p" L.

f: VS,”) — Ly is a gbent function, if and only if for every C : Vs,p) — Fp
which is constant on the sets of the partition P,, the function
ak—1(x) + C(x) is bent.

The partition P, = {Pc: ¢ = (co, - , ck—2) € Fi~'} where
Pe={x e VP ap(x) = @, . ak-a(x) = cia}.

In this case, a(x) := ax_1(x) is called admissible relative to the
partition P,, and the gbent function is denoted by (a, P,).
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Affine space of bent functions

The set

{ak_1(x) + C(x): C: viR) [F, is constant on the sets of P,}
can also be described as the set

A ={ak_1(x) + F(ao(x), a1(x),...,ax—2(x)) : F: Fg_l — Fp},

where F(xp, -+ ,xk_2) is arbitrary.
A is an affine space of bent functions of dimension |P,].
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Affine bent space constructions

Target: Given such affine spaces of bent functions, we construct another
affine space of bent functions (h,Pp) using the known secondary
constructions of bent functions to obtain generalized bent functions.
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Direct-sum construction

Theorem
Let f: V) - Ly, f(x) = SO 01 i(x)p’ and
g: v Ly, g(x) = fozol bi(x)p' be gbent.

Then the bent functions a(x) := ax_1(x) and b(x) := bx_1(x) are
admissible relative to the partitions

Pa={Po,P1, -+, Py-1_1} where P; = {er f(x)=i mod pk1}
and

Pp=1{Qo, @1, -, Quu-1_1} where Q; = {x € VS,”) g(x) =i mod pF1}
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Direct-sum construction

Theorem

Let f: V) - Lk, f(x) = Zf( 01 i(x)p’ and

g v Lok, g(x) = Y120 bi(x)p’ be gbent.

Then the bent functions a(x) := ax_1(x) and b(x) := bx_1(x) are
admissible relative to the partitions

P. = {P07P1,'-- 7Ppk*1—1} where P; = {XEV f(X) i mod pk—l}
and
Po={Qo, Qu, ++, Qpe-1_1} where Q= {x e V¥ 1 g(x) =i mod p*~1},

For the direct sum f(x) + g(y), Heg(u,v) = He(u)Hg(v). Therefore,
f + g is gbent.
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Direct-sum construction

Let (h,Ph) be the affine bent function space associated with f(x) + g(y).
Question: What is the partition Py, of ng,’) X VE,”) relative to which h is

admissible?
And what is the corresponding function h?
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Direct-sum construction

Theorem

The function h: V& x V) — F, given by

h(x,y) = rif (f(x)4+g(y)) mod p* € {rp*" 1, " 141, ... (r+1)pk"1-1}
is bent and admissible to the partition Ph = {R1,..., Ry-1_1} of

V%’) X VS,”), where for 0 < j < pk=1 —1,

pk—l_l
Ri= |J Pix Q- (indices are determined modulo p“~).
i=0

A representation of (h,Py) is the direct sum
H(x,y) =f(x)+g(y) = Z;(;ol hi(x,y)p', for which hx_1 = h.
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Direct-sum construction

In general, h(x,y) # a(x) + b(y), and {Ro, R1," -+, Rpx-1_1} is not a
partition for a(x) + b(y).
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