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@ Recently functions F from F5 to F7', with m > n, have gained
attention.

@ Abbondati et al in 2024 and Taniguchi in 2023 studied APN functions
F that satisfy Dillon's property :

{FO)+Fly) + F(z) + Fix +y +2) [ x,y,z € F3} = F7".

@ Aragona et al in 2019, injective APN functions were used in a cipher.

@ In this work, we are interested in injective functions from F7 to F7',
with m > n.

@ We want to understand whether these functions have balanced
components.
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Preliminaries and Notations

@ We denote the field of two elements, 0 and 1, by F.

@ [F" is an n-dimensional vector space over F.

A zero in F" is denoted by 0,.
@ A Vectorial Boolean function (vBf) is any function F from F" to F.

e If m=1, we simply say a Boolean function (Bf) and denote it by f.

Algebraic Normal Form:

f(xw, - ,xn) = Za/HX,'

icp el

where P ={1,...,n} and a; € F.
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If deg(f) <1 and f(0,) =0, f is called linear.

o If deg(f) =2, f is called quadratic.
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Preliminaries and Notations

e We can write F = (f1,...,fm), where fi,..., f,, are Boolean functions
called coordinate functions of F.

@ For any nonzero A € F™, we call F\ = A - F a component of F.

@ F is balanced if and only if all its components are balanced.

An image of F is defined by Im(F) = {F(x) : x € F"}.

We say that F is injective if [Im(F)| = 2".

We call injective functions from F" into F"” embeddings.
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Preliminaries and Notations

@ The Walsh transform of a Bf f:

Wr(a) = D (-1)/0+ex,
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for all a € F".
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Preliminaries and Notations

@ The Walsh transform of a Bf f:

Wr(a) = D (-1)/0+ex,

xelFn

for all a € F".

o We define F(f) as

F(f) = We(0,) = > (1)) =27 — 2wt(f).

x€eFn

@ Observe that f is balanced if and only if F(f) = 0.
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Preliminaries and Notations

@ Nonlinearity of a Bf f:

1 .
N(f)=2""1— 5 max [Wr(a)| < on-1 2571

o fis called bent if N(f) =2"1 — 25~ and this happens only when n
is even.

o f is called semi-bent if N(f) =21 — 2" and this happens only
when n is odd.
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First-order derivatives of Bf and vBf

@ The first-order derivative of f at a € F": D,f(x) = f(x + a) + f(x).
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Preliminaries and Notations

First-order derivatives of Bf and vBf

@ The first-order derivative of f at a € F": D,f(x) = f(x + a) + f(x).

@ The first-order derivative of F at a € F": D,F(x) = F(x + a) + F(x).

An element a € IF" is called a linear structure of f if D,f is constant.

The set of all linear structures of f is denoted by V/(f).

It is well-known that V/(f) is a subspace of F".
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Preliminaries and Notations

@ It is well-known that f is called bent if and only if D,f is balanced,
for all nonzero a € F".

o It follows that if f is bent, then dim V/(f) = 0.

@ It is well-known that for a quadratic semi-bent f we have
dim V(f) = 1.

@ For any unbalanced quadratic Boolean function f, it is known that
F(f) = 2", where k = dim V(f).
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Preliminary Results

For any given Bf f, it can be easily shown that

F2(f) =Y F(Dsf).

ackn
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For any given Bf f, it can be easily shown that

F2(f) =Y F(Dsf).

ackn

Let f be a Bf on n variables. Then

1
> wi(D,f) = 22771 — SF(f).
EISI
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Preliminary Results

Let f be a Bf on n variables. Then

> wt(Daf) <22
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Preliminary Results

Let f be a Bf on n variables. Then

> wt(Daf) <22
acFn

Furthermore, equality holds if and only if f is balanced.

Proposition 5
Let f be any quadratic Bf on n variables. Then

Z wt(D,f) =

{22"_1 if f is balanced
aclFn

22n—1 _ontk=1 = otherwise,

where k = dim V/(f).
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Main Results

Remark 6
Let F: F" — F™ be any vBf. For any a,x € F", we have

0 otherwise.

S (C)MFR ] {2'" if F(x) = F(x +a)

AEFm
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0 otherwise.

S (C)MFR ] {2'" if F(x) = F(x +a)

AEFm

Let F be a vBf from F” into F™, with m > n. Then

S P(R) > 20,
AefFm

Moreover, equality holds if and only if F is an embedding.
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Main Results

Corollary 8

Let F:F" — F™, with m > n, be any vBf. Then

> F(D.Fy) = 2"
A, aefFm
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Main Results

Corollary 8

Let F:F" — F™, with m > n, be any vBf. Then

> F(D,Fy) > 2",
A,acFm

Moreover, equality holds if and only if F is an embedding.

Theorem 9
Let F be a vBf from F” into F™, with m > n. Then

> > wt(D.Fy) <222 -2,

AEF™\{0p } a€F”

Moreover, equality holds if and only if F is an embedding.
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Main Results

Definition

Let F be a vBf from F” into F™, with m > n. Define the set of balanced
components of F by B(F) = {\ € F™ | wt(F)) = 2" 1}.
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components of F by B(F) = {\ € F™ | wt(F)) = 2" 1}.

Corollary 10

Let F be a vBf from F” into ™, with m > n. Then |B(F)| <27 —2m"".
Furthermore, equality holds if and only if 2™~ are constant components
and F is an embedding.
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Main Results

Let F be a vBf from F” into F™, with m > n. Define the set of balanced
components of F by B(F) = {\ € F™ | wt(F)) = 2" 1}.

Corollary 10

Let F be a vBf from F” into ™, with m > n. Then |B(F)| <27 —2m"".
Furthermore, equality holds if and only if 2™~ are constant components
and F is an embedding.

A\

Observe from Corollary 10 that no vBf from F” into F™™, with m > n, can
have all its components balanced.

.
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(i) |B(F)| > 2" — 1, for n even and equality holds if and only if all the
other components are bent,
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Main Results

Next we give a lower bound on the number of balanced components of
quadratic embeddings from F” into F.

Let F be a quadratic embedding from F” into ™, with m > n. Then

(i) |B(F)| > 2" — 1, for n even and equality holds if and only if all the
other components are bent,

(i) |B(F)| >2m~1 +2"=1 1, for n odd and equality holds if and only if
all the other components are unbalanced semi-bent.

v
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Main Results

The coordinate functions of a quadratic embedding F from F3 into F*:

fi = x12 + x1 + x2 + X3,
fo = x1x3 + x1 + X0 + X3,
f3 = xox3 + X1 + X2,
fa=x1+x3

Example 1
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The coordinate functions of a quadratic embedding F from F3 into F*:

fi = x12 + x1 + x2 + X3,
fo = x1x3 + x1 + X0 + X3,
f3 = xox3 + X1 + X2,
fa=x1+x3

F has 11 balanced components and 4 unbalanced semi-bent components.

14 components are quadratic, while only one component is linear.
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Main Results

The coordinate functions of a quadratic embedding F from F* into [F°:

fi = x1x2 + x4,

fr = x1x3 + X3 + X4,

f3 = x1xa + x3x4 + X2,

fa = xox3 + X3X4 + X1 + X4,
fs = x1x3 + X2X4.

Example 2
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Main Results

Example 2

The coordinate functions of a quadratic embedding F from F* into [F°:

fi = x1x2 + x4,

fh = x1x3 + x3 + xa,

f3 = x1xa + x3x4 + X2,

fa = xox3 + X3X4 + X1 + X4,
fs = x1x3 + X2X4.

F has 15 balanced components and 16 bent components.
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Main Results

Next we consider a special case where the image of F is subspace of F™.
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Main Results

Next we consider a special case where the image of F is subspace of F™.

Let F: F" — F™, with m > n, be an embedding and Im(F) be a
subspace of F™. Then, for all A € F, there are only two cases: either F)

is constant or balanced. Precisely, |B(F)| =2™ —2™~" and 2™~ "
constant components of F.
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