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Background

Definition

f (X ) ∈ F[X ] is absolutely irreducible if f (X ) is irreducible in F[X ].

Example

f (X ,Y ) = Y q+1 − (X q + X ) ∈ Fq2 [X ,Y ] is absolutely irreducible.
f (X ,Y ,Z ) = X 5 + Y 5 + Z 5 ∈ F3[X ,Y ,Z ] is absolute irreducible.
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Background

For background, we refer to Fulton [18], Shafarevich [29], and Hartshorne
[20].

Definition

Let P ∈ Fn is called a simple point of F if F (P) = 0 and ∂F
∂Xi

(P) ̸= 0 for
some i ∈ {1, . . . , n}. If G (F ) = 0 and is not simple, then it is called a
singular point.

Definition

Let F (X − p1, . . . ,Xn − pn) = Fm(X) + Fm+1(X) + . . . . Then Fm = tF ,P
is the tangent cone of F at P and deg(Fm) = νP(F ) is the multiplicity of
F at P.
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Example

Example

Consider F (X ,Y ,Z ) = X 2 + XY + Y 2 + XZ + YZ + Z 2 ∈ F4[X ,Y ,Z ].

1. F (X ,Y ,Z ) is a homogeneous polynomial of degree 2.

2. F (X ,Y ,Z ) = (X + αY + (α+ 1)Z )(X + α2Y + (α2 + 1)Z ), then
1 = (1, 1, 1) ∈ F3

4 is a singular point of F .

3. F (X + 1,Y + 1,Z + 1) = F (X ,Y ,Z ), therefore
tF ,1(X ,Y ,Z ) = F (X ,Y ,Z ) and ν(1,1,1)(F ) = 2.

Lemma 1

Let F (X ) ∈ Fq[X1, . . . ,Xn] and a ∈ Fn
q. Suppose that

F (X ) = G (X )H(X ), then

tF ,a(X ) = tG ,a(X )tH,a(X ).

Carlos Agrinsoni , (joint work Heeralal Janwa and Moises Delgado) ( Purdue University, University of Puerto Rico at Rio Piedras, University of Puerto Rico at Cayey)The Exceptional Almost Perfect Nonlinear Function ConjectureFebruary 5, 2024 5 / 45



APN functions

Definition

A function f : Fq → Fq, (necessarily a polynomial) is almost perfect
nonlinear (APN) on Fq if for all a, b ∈ Fq, a ̸= 0,

f (x + a)− f (x) = b

has at most 2 solutions.

Definition

f : Fq → Fq, is an exceptional APN if f is APN over Fq and over infinitely
many extensions of Fq.
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Equivalent Definition of APN Functions

Definition (Janwa & Wilson 1993 [22])

Let F∗
2m = ⟨α⟩. A function f (X ) ∈ F2m [X ] is APN if the code C

(t)
s with

parity check matrix

H =

(
α0 α α2 . . . α2m−2

f (α0) f (α) f (α2) . . . f (α(2m−2))

)
.

is a 2-error correcting code.

Proposition 1 (Rodier [28])

A function f : F2m → F2m is APN if and only if the rational points fq of
the affine surface

f (X ) + f (y) + f (z) + f (x + y + z) = 0

are contained in the surface (x + y)(x + z)(y + z) = 0.
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ϕ(X ,Y ,Z )

Multivariate Polynomial ϕ(X ,Y ,Z )

For the rest of this presentation, let q = 2m for m ≥ 1. Let f (X ) ∈ Fq[X ],
then we define

ϕf (X ,Y ,Z ) =
f (X ) + f (Y ) + f (Z ) + f (X + Y + Z )

(X + Y )(X + Z )(Y + Z )
.

Notation and facts about ϕf (X ,Y ,Z )

1. If f (x) = xd then we denoted ϕf (X ,Y ,Z ) = ϕd(X ,Y ,Z ).

2. If f (x) = xn + an−1x
n−1 + · · ·+ a0x

0, then ϕf (X ,Y ,Z ) =
ϕn(X ,Y ,Z ) + an−1ϕn−1(X ,Y ,Z ) + · · ·+ a0ϕ0(X ,Y ,Z ).

3. If f (X ) is affine then, ϕf (X ,Y ,Z ) = 0.

4. If f (X ) = X d not affine, then deg(ϕd) = d − 3.
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Relationship between Exceptional APN and absolutely
irreducible polynomials

The problem was formulated as an algebraic assertion by Janwa and
Wilson ([22] 1993) and later generalized by Rodier [28].

Theorem 1

Let f : L → L a polynomial function of degree d. Suppose that the surface
X of affine equation

ϕ(x , y , z) =
f (x) + f (y) + f (z) + f (x + y + z)

(x + y)(x + z)(y + z)
= 0

is absolutely irreducible and d ≥ 9, d < 0.45q1/4 + 0.5, then f (x) is not
an APN function.

Corollary 1

If ϕf (x , y , z) contain an absolutely irreducible factor over Fq different from
(x + y), (x + z), (y + z), then f (x) is not an exceptional APN.
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Equivalence of APN functions

The APN property is invariant under some transformations.

Proposition 2

Let A1(X ) and A2(X ) be affine permutations, A(X ) be an affine
polynomial and f (X ) be APN in Fq[X ]. Then the polynomial

A1 ◦ f ◦ A2(X ) + A(X )

is APN over Fq[X ].

Proposition 3 (Carlet, Charpin and Zinoviev [6])

Let f (X ), g(X ) ∈ Fq[X ]. Suppose ∃ a linear permutation L : F2
q → F2

q

between the sets {(x , f (x))|x ∈ Fq} and {(x , g(x))|x ∈ Fq}. Then f is
APN if and only if g is APN.
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Known Monomial APN Functions

f (x) = xd Exponent d Constraints References
Gold 2r + 1 (r , n) = 1 [19, 22]

Kasami-Welch 22r − 2r + 1 (r , n) = 1 [22]
Welch 2r + 3 n = 2r + 1 [15]

Niho 2r + 2r/2 − 1 n = 2r + 1, r even [14]
2r + 2(3r+1)/2 − 1 n = 2r + 1, r odd

Inverse −1 n = 2r + 1 [5, 27]
Dobbertin 24r + 23r + 22r + 2r − 1 n = 5r [16]

Table 1: Known Monomial APN functions on F2n up to CCZ equivalence
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Exceptional APN Monomials up to CCZ Equivalence

Function Exceptional Constraints References

x2
i+1 Yes APN ⇐⇒ (i , n) = 1 [22, 27]

x4
i−2i+1 Yes APN ⇐⇒ (i , n) = 1 [22]
x t No t ≡ 3 (mod 4), t > 3 [23]

x2
i l+1 No (l , 2i − 1) < l [24]

x2
i l+1 No (l , 2i − 1) = l [21]

Table 2: Exceptional APN Monomials on F2n
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Exceptional APN Conjecture

Theorem 2 (Janwa and Wilson [22], Janwa, Wilson and McGuire [23],
Jedlicka [24], Hernando and McGuire [21] (2011))

The Gold and Kasami-Welch are the only exceptional APN monomials.

Conjecture 1 (Aubry, McGuire and Rodier [4], (2010))

The only exceptional APN functions up to CCZ equivalence are the
Kasami-Welch and Gold monomials.

f (x) = xd Exponent d Constraints References

Gold 2r + 1 (r , n) = 1 [19, 22]

Kasami-Welch 22r − 2r + 1 (r , n) = 1 [22]
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Gold Degree Case

Theorem 3 (Delgado and Janwa [9] (2016), Delgado, Janwa and
Agrinsoni [13] (2023))

If d is an odd integer, then ϕ2k+1 and ϕd are relatively prime for all k ≥ 1
except when d = 2l + 1 and (l , k) > 1.

Theorem 4 (Delgado and Janwa [11] (2017))

If f (X ) = X 2r+1 + h(X ), where deg(h) ≡ 3 (mod 4), then ϕf (X ,Y ,Z ) is
absolutely irreducible and f (X ) is not EAPN.
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Gold Degree Case

Theorem 5 (Delgado and Janwa [11] (2017))

For k ≥ 2, let f (X ) = 2k + 1 + h(X ) ∈ L[X ], where deg(h) ≡ 1 (mod 4).
If deg(h) is not a Gold exponent, then f is not EAPN.

Theorem 6 (Delgado and Janwa [10] (2018))

Let f (X ) = x2
k1+1 + h(X ) ∈ F2m [X ], where deg(h) = 2k2+1. If

h(X ) =
∑t

j=2 ajx
2
cj (2

kj+1) and (k1, . . . , kt) = (k1, k2) = q, then ϕ contains
an absolutely irreducible factor and f is not EAPN.
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Kasami-Welch Degree Case

Theorem 7 (Delgado and Janwa [8] (2017) and Ferard [17] (2017))

Let f (X ) = X 22k−2k+1 + h(X ) ∈ F2m , where d = deg(h) ≡ 3 (mod 4).
Then, ϕ(X ,Y ,Z ) is absolutely irreducible and f (X ) is not EAPN.

Theorem 8 (Ferard [17] (2017))

Let f (X ) = X 22k−2k+1 + h(X ) ∈ F2m , where k ≥ 2, d = deg(h) = 1 + 2jℓ,
j ≥ 2 and ℓ odd. If (2k − 1, ℓ) ̸= 2k − 1, then ϕf (X ,Y ,Z ) is absolutely
irreducible and f (X ) is not EAPN.

Theorem 9 (Delgado, Janwa and Agrinsoni [13] (2023))

Let f (X ) = X 22k−2k+1 + h(X ) ∈ F2m [X ], d = deg(h), and d ≡ 2n−1 + 1
(mod 2n). If d < 22k − 2k(2n − 1)− 1, 2 ≤ n < k − 1 and
(ϕ22k−2k+1, ϕd) = 1, then ϕ(X ,Y ,Z ) is absolutely irreducible, and f (X ) is
not EAPN.

Carlos Agrinsoni , (joint work Heeralal Janwa and Moises Delgado) ( Purdue University, University of Puerto Rico at Rio Piedras, University of Puerto Rico at Cayey)The Exceptional Almost Perfect Nonlinear Function ConjectureFebruary 5, 2024 16 / 45



Kasami-Welch Degree Case

Theorem 7 (Delgado and Janwa [8] (2017) and Ferard [17] (2017))

Let f (X ) = X 22k−2k+1 + h(X ) ∈ F2m , where d = deg(h) ≡ 3 (mod 4).
Then, ϕ(X ,Y ,Z ) is absolutely irreducible and f (X ) is not EAPN.

Theorem 8 (Ferard [17] (2017))

Let f (X ) = X 22k−2k+1 + h(X ) ∈ F2m , where k ≥ 2, d = deg(h) = 1 + 2jℓ,
j ≥ 2 and ℓ odd. If (2k − 1, ℓ) ̸= 2k − 1, then ϕf (X ,Y ,Z ) is absolutely
irreducible and f (X ) is not EAPN.

Theorem 9 (Delgado, Janwa and Agrinsoni [13] (2023))

Let f (X ) = X 22k−2k+1 + h(X ) ∈ F2m [X ], d = deg(h), and d ≡ 2n−1 + 1
(mod 2n). If d < 22k − 2k(2n − 1)− 1, 2 ≤ n < k − 1 and
(ϕ22k−2k+1, ϕd) = 1, then ϕ(X ,Y ,Z ) is absolutely irreducible, and f (X ) is
not EAPN.

Carlos Agrinsoni , (joint work Heeralal Janwa and Moises Delgado) ( Purdue University, University of Puerto Rico at Rio Piedras, University of Puerto Rico at Cayey)The Exceptional Almost Perfect Nonlinear Function ConjectureFebruary 5, 2024 16 / 45



Even Degree Case

Theorem 10 (Aubry McGuire and Rodier [4] (2010))

Let f (X ) ∈ F2m [X ], where deg(f ) = 2e with e odd, and if f contains a
term of odd degree, then f is not APN over F2mn for all n sufficiently large.

Theorem 11 (Caullery [7] (2014))

Let f (X ) = X 4e + h(X ), where deg(f ) = 4e, e > 1 odd. If e is not Gold
or Kasami then f (X ) is not an exceptional APN.

Theorem 12 (Aubry, Issa and Herbaut [3] (2023))

Let n = 2r (2ℓ + 1), where gcd(r , ℓ) ≤ 2, r ≥ 2 and ℓ ≥ 1. Let
f (X ) = X n + h(X ) ∈ F2m [X ]. If deg(h) = n − 1, then f is not EAPN.
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Structure of ϕd(X ,Y ,Z )

Structure of ϕd(X ,Y ,Z )

Janwa and Wilson [22] show that If e ≡ 3 (mod 4), then ϕe(X ,Y ,Z ) is
absolutely irreducible. For Gold and Kasami monomial, we have, then

ϕ2n+1(X ,Y ,Z ) =
∏

α∈F2n−F2

(x + αy + (α+ 1)z)

ϕ22n−2n+1 = (X ,Y ,Z ) =
∏

α∈F2n−F2

Pα(X ,Y ,Z )

where P(X ,Y ,Z ) ∈ F2n(X ,Y ,Z ), deg(Pα) = 2n + 1 ∀ α ∈ F2n − F2.

Aubry, McGuire and Rodier [4] show that

ϕ2ne(X ,Y ,Z ) = ϕ2
n−1

6 (X ,Y ,Z )ϕ2
n

e (X ,Y ,Z ),

where e is odd and ϕ6(X ,Y ,Z ) = (X + Y )(Y + Z )(X + Z ).
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Multiplicity of the point (1, 1, 1) in the curve ϕd(X ,Y ,Z ).

Janwa and Wilson [22]

ϕ2n+1(X ,Y ,Z ) =
∏

α∈F2n−F2

(x + αy + (α+ 1)z)

ν(1,1,1)(x + αy + (α+ 1)z) = 1 ∀ α ∈ F2n − F2.

Lemma 2 (Janwa, Wilson and McGuire [23])

Let ϕn(X ,Y ,Z ) ∈ F2[X ,Y ,Z ]. Then
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c) For n = 2me, ν(1,1,1)(ϕn) = 3(2m − 1) + 2mν(1,1,1)(ϕe).
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Factorization into absolutely irreducible factors

Lemma 4 (Kopparty and Yekhanin 2008, [25])

Suppose p(X) ∈ Fq[X1, . . . ,Xn] is of degree d and is irreducible in
Fq[X1, . . . ,Xn]. Then there exists r with r | d and an absolute irreducible
polynomial h(X) ∈ Fqr [X1, . . . ,Xn] of degree d/r such that

p(X ) = c
∏
σ∈G

σ(h(X ))

where G = Gal(Fqr /Fq) and c ∈ Fq. Furthermore, if p(X) is
homogeneous, then so is h(X ).
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Results: Degree-gap of a Polynomial

Formalization of techniques used by Aubry, McGuire, Rodier, Delgado, and
Janwa.

Definition

F (X) = Fm(X ) + H(X ). We defined the degree-gap
γ = γ(F ) = deg(F )− deg(H). If F is homogenous, then γ(F ) = ∞.

Example

F (X1,X2,X3,X4,X5) =
∏

α∈F24
(X1+X2+X3+(α+1)X4+αX5)+X 10

1 +

X 10
2 +X 10

3 +X 5
1X

5
4 +X 4

4X
6
5 +X 3

2X
7
3 +X 2

1X
5
5 +X 8

1 +X 7
2 +X1X2X3X4X5+1

defined over F2. Then, γ(F ) = 6.
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An Important Property

Theorem 13 (Agrinsoni, Janwa and Delgado [1])

Let F (X) = Fm(X) + H(X) ∈ Fq[X1, . . . ,Xn], Fm(X) is square free. If
P(X) is a factor of F (X), then γ(P) ≥ γ(F ).

Proof

WLOG let F is nonhonmogeneous, (Fm,H) = 1,γ(F ) > 1. Let

F (X ) = (Ps(X ) + · · ·+ P0(X ))(Qt(X ) + · · ·+ Q0(X )),

where γ(Q) ≥ γ(P). Assume that γ(F ) > γ(P) = γ. Then

0 = Fm−γ =

γ∑
i=0

Ps−iQt−γ+i . (1)
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New Result Degree-gap Property

Proof continuation.

By γ(P) we have that Ps−1 = · · · = Ps−γ+1 = 0 (respectively
Qt−1 = · · · = Qt−γ+1 = 0). Substituting these in (1),

0 =

γ∑
i=0

Ps−iQt−γ+i = PsQt−γ + Ps−γQt

=⇒ PsQt−γ = QtPs−γ . Since (Ps ,Qt) = 1 as Fm(X ) is square free,
Ps | Ps−γ that is Ps−γ = 0. A contradiction with γ(P) = j .
∴ γ(F ) ≤ γ(P) ≤ γ(Q).
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A new Bound on the Number of Factors and a new
Absolute Irreducibility Criterion: MAJOR RESULTS

Corollary 2 (Agrinsoni, Janwa and Delgado [1])

Let F (X) = Fm(X) + H(X) ∈ Fq[X1, . . . ,Xn], where deg(F ) = m,
deg(H) = d. If Fm(X) is square free and (Fm,H) = 1, then F (X) has at

most
⌊
deg(F )
γ(F )

⌋
factors.

Corollary 3 (Agrinsoni, Janwa and Delgado [1])

Let F (X) ∈ Fm(X) + H(X) ∈ Fq[X1, . . . ,Xn]. If Fm(X) is square free,
(Fm,H) = 1, and 2γ(F ) > deg(F ), then F (X ) is absolutely irreducible.
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Remaining Cases of the Gold Degree Case Of The
Conjecture

Gold pending cases in the literature.

a. f (X ) = X 2k1+1 + h(X ), where deg(h) = 2k2 + 1,

h(X ) =
∑m

j=2 ajX
2
mj (2

kj+1) and 1 < (k1, . . . , kt) = q, q ̸= (k1, k2).

b. f (X ) = X 2n+1 + h(X ), where deg(h) is even and deg(h) ≥ 2n−1 − 1.
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New Result: Completion of the Gold Degree Case of the
Exceptional APN Conjecture with Even Degree-gap

Theorem 14 (Agrinsoni, Janwa and Delgado [2])

Let f (X ) = X 2k1+1 + h(X ) ∈ F2m [X ], where deg(h) is odd, then ϕ
contains an absolutely irreducible factor and f is not an exceptional APN
polynomial.

Proof.

We may assume from previous classifications, that if

h(x) ̸=
∑t

j=2 ajx
2
cj (2

kj+1) with 1 < (k1, . . . , kt) = q ̸= (k1, k2), then f is
not exceptional APN from Delgado and Janwa [11, 12, 26]. If

h(x) =
∑t

j=2 ajx
2
cj (2

kj+1), (k1, . . . , kt) = q, and q ̸= (k1, k2). Let
ψ(X ,Y ,Z ) = (ϕ2k1+1, ϕh)(X ,Y ,Z ). Then
ϕf (X ,Y ,Z ) = ψ(X ,Y ,Z )H(X ,Y ,Z ). Then, by Corollary 3 (the
degree-gap corollary), H(X ,Y ,Z ) is absolutely irreducible.
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Factorization of ϕf and Some of the Fundamental Identities

Factorization of ϕf and Some Fundamental Identities

Let f (X ) = X 2n+1 + h(X ), where h(X ) =
∑d

i=1 αix
i and αd ̸= 0. Assume

ϕf (X ,Y ,Z ) = P(X ,Y ,Z )Q(X ,Y ,Z ) =
(Ps + Ps−1 + · · ·+ P0)(Qt + Qt−1 + · · ·+ Q0), where s ≥ t, and
s + t = 2n − 2. Then

ϕ2n+1(X ,Y ,Z ) = Ps(X ,Y ,Z )Qt(X ,Y ,Z ). (2)

Therefore, ν(1,1,1)(Qt) = t and ν(1,1,1)(Ps) = s ≥ 2k−1 − 1.
By Theorem 13 we have

αdϕd(X ,Y ,Z ) = PsQt−γ + Ps−γQt (3)

Consider the term of degree 2n − 2− 2γ, then we can derive the following
equation:

α2n−2−2γϕ2n−2−2γ(X ,Y ,Z ) = PsQt−2γ + Ps−γQt−γ + Ps−2γQt . (4)
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Factorization of ϕf and Some of the Fundamental
Identities (continued...)

Factorization of ϕf and Some Fundamental Identities

If ν(1,1,1)(Ps) > ν(1,1,1)(ϕd), then we have that
ν(1,1,1)(ϕd) = ν(1,1,1)(Ps−γQt). Furthermore, by Equation 3 we have

αd tϕd ,1(X ,Y ,Z ) = tPs−γ ,1(X ,Y ,Z )tQt ,1(X ,Y ,Z ). (5)

We can classify the translation of ϕn by the point (1, 1, 1):

1. ϕ2n+1(X + 1,Y + 1,Z + 1) =
∏

α∈F2n\F2
(X + 1 + α(Y + 1) + (α+

1)(Z + 1)) =
∏

α∈F2n\F2
(X + αY + (α+ 1)Z ) = ϕ2n+1(X ,Y ,Z ).

Moreover, X +1+α(Y +1)+ (α+1)(Z +1) = X +αY + (α+1)Z .
Therefore, tQt ,1(X ,Y ,Z ) = Qt(X ,Y ,Z ).

2. ϕ6(X + 1,Y + 1,Z + 1) = ϕ6(X ,Y ,Z ) = (X + Y )(Y + Z )(X + Z ).
Thus tϕ6,1 = ϕ6(X ,Y ,Z ).
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Gold Even Case 3 (mod 4)

Proposition 4 (Agrinsoni, Janwa and Delgado [2])

Let f (X ) = X 2n+1 + h(X ) ∈ Fq[X ], where deg(h) = 2n−je, where e ≡ 3
(mod 4). If j ≥ 3, then ϕf (X ,Y ,Z ) is absolutely irreducible.

Proof.

Assume that ϕf (X ,Y ,Z ) = P(X ,Y ,Z )Q(X ,Y ,Z ). Then

α2n−jeϕ2n−je(X ,Y ,Z ) = PsQt−γ + Ps−γQt (6)

Now ν(1,1,1)(ϕ2n−je) = ν(1,1,1)(ϕ
2n−j−1
6 ) + ν(1,1,1)(ϕ

2n−j

e ) = 3(2n−j − 1) <
2n−1 − 1 ≤ s. Therefore,

α2n−jetϕ2n−j e
,1(X ,Y ,Z ) = tPs−γ ,1(X ,Y ,Z )Qt(X ,Y ,Z ).

Now, since ν(1,1,1)(ϕe) = 0, we have deg(t
ϕ2n−j
e ,1

) = 0. Therefore,

tϕ
2n−j e

,1 = βt
ϕ2n−j−1
6 ,1

= βϕ2
n−j−1

6 . This is a contradiction.
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Gold Even Case 3 (mod 4) (The Really Hard Case)

Proposition 5 (Agrinsoni, Janwa and Delgado [2])

Let f (X ) = X 2n+1 + h(X ) ∈ Fq[X ], where deg(h) = 2n−2(3), and then
ϕf (X ,Y ,Z ) contains an absolutely irreducible factor defined over Fq.

Proof Outline.

Let γ = γ(ϕf ) = 2n−2 + 1. By Corollary 2 ϕf (X ,Y ,Z ) have at most 3
factors. WLOG assume ϕf (X ,Y ,Z ) is irreducible. Two Factors: By
Lemma 4 assume that ϕf (X ,Y ,Z ) = P(X ,Y ,Z )Q(X ,Y ,Z ), where
Q(X ,Y ,Z ) = σ(P(X ,Y ,Z )), and ⟨σ⟩ = Gal(Fq2/Fq). Then we have

α2n−jeϕ2n−je(X ,Y ,Z ) = PsQt−γ + Ps−γQt ,

α2n−2−2γϕ2n−2−2γ(X ,Y ,Z ) = Ps−γQt−γ .

This is a contradiction.
The product, of three conjugates, gates several pages long.
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Gold Even Case 1 (mod 4)

Proposition 6

Let f (X ) = X 2n+1 + h(X ) ∈ Fq[X ], where deg(h) = 2n−je, e = 2ℓm + 1,
ℓ ≥ 2 and m > 1 odd. Then ϕf (X ,Y ,Z ) is absolutely irreducible.

Proof.

Assume that ϕf (X ,Y ,Z ) = P(X ,Y ,Z )Q(X ,Y ,Z ). Then
α2n−jeϕ2n−je(X ,Y ,Z ) = PsQt−γ + Ps−γQt (7)

ν(1,1,1)(ϕ2n−je) = ν(1,1,1)(ϕ
2n−j−1
6 ) + ν(1,1,1)(ϕ

2n−j

e ) =

(2n−j − 1)ν(1,1,1)(ϕ6) + 2n−jν(1,1,1)(ϕe) = 2n−j(2ℓ + 1)− 3 < 2n−1 − 1.
Therefore, ν(1,1,1)(ϕ2n−je) = ν(1,1,1)(Ps−γQt) and

α2n−jetϕ2n−j e
,1(X ,Y ,Z ) = tPs−γ ,1(X ,Y ,Z )Qt(X ,Y ,Z ).

tϕ
2n−j e

,1 = ϕ2
n−j−1

6 t2
n−j

ϕe ,1
, deg(Qt) ≥ 2n−j+ℓ − 2n−j + 1 > ν(1,1,1)(ϕe).
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Gold Even Case 1 (mod 4) (continued...)

Proposition 7

Let f (X ) = X 2n+1 + h(X ) ∈ Fq[X ], where deg(h) = 2n−j(2ℓ + 1), and
ℓ ≥ 2. Suppose that ℓ ̸= j − 1, then ϕf (X ,Y ,Z ) contains an absolutely
irreducible factor defined over Fq.

Proof.

We have γ(ϕf ) > 2n−1 − 1. Let ψ = (ϕ2n+1, ϕh), then by Corollary 3 we
have

H(X ,Y ,Z ) =
ϕf (X ,Y ,Z )

ψ(X ,Y ,Z )
,

is absolutely irreducible.
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Gold Even Case 1 (mod 4) (continued...)

Proposition 8

Let f (X ) = X 2n+1 + h(X ) ∈ Fq[X ], where deg(h) = 2n−j(2j−1 + 1), and
j ≥ 3. Then ϕf (X ,Y ,Z ) contains an absolutely irreducible factor.

Proof Outline.

γ(ϕf ) = 2n + 1− 2n−j(2j−1 + 1) = 2n−1 − 2n−j + 1 > 2n−2 + 1. Let
ψ(X ,Y ,Z ) = (ϕ2n+1, ϕh). Define

H(X ,Y ,Z ) =
ϕf (X ,Y ,Z )

ψ(X ,Y ,Z )
,

Therefore, by Corollary 2, we have H have at most 3 factors. WLOG
assume ϕf (X ,Y ,Z ) is irreducible. By Lemma 4 assume that
H(X ,Y ,Z ) = P(X ,Y ,Z )Q(X ,Y ,Z ), where
Q(X ,Y ,Z ) = σ(P(X ,Y ,Z )), and ⟨σ⟩ = Gal(Fq2/Fq).
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Gold Even Case 1 (mod 4) (continued...)

Proof Outline Continuation.

Now we have the following system of equations

ϕ2n+1(X ,Y ,Z ) = PsQsψ,

α2n−j (2j−1+1)ϕ2n−j (2j−1+1)(X ,Y ,Z ) = (PsQs−γ + Ps−γQs)ψ,

α2n−2n−j+1−1ϕ2n−2n−j+1−1(X ,Y ,Z ) = Ps−γQs−γψ.

If α2n−2n−j+1−1 ̸= 0, then we get a contradiction as ϕ2n−2n−j+1−1 is
absolutely irreducible.
If α2n−2n−j+1−1 = 0, then WLOG assume Qs−γ = 0. Then,
ϕ2n−j (2j−1+1)(X ,Y ,Z ) = QsPs−γψ, implies, Qsψ | ϕ2j−1+1 which is a

contradiction as deg(Qsψ) ≥ 2n−1 − 1 > 2j−1 − 2.
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Resolution of the Gold degree Case

Resolution of the Gold degree Case

Theorem (Agrinsoni, Janwa and Delgado [2] (submitted))

Let f (X ) = x2
n+1 + h(X ) ∈ F2m [X ], where deg(h) < 2n + 1. If h(X ) is

not affine then ϕf (X ,Y ,Z ) contains an absolutely irreducible factor, and
f (X ) is not EAPN.
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Open Problems and Future Directions

1. Investigate the Kasami-Welch case when the second term is even and
the multiplicity of the point (1, 1, 1) in the second term is greater
than 2n−2.

3. Investigate the case 4e when e is Gold or Kasami and the highest odd
degree term has degree ≡ 1 (mod 4).

4. Investigate the case f (x) = x2
ne + h(x), when n > 3 and e > 1 is odd.

5. Find good irreducibility testing criteria.

6. Find new absolute irreducibility testing criteria.
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