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Summary

Present the bounded degree family of LRPC codes in Fn
qm . Show a

probabilistic decoding algorithm for the rate

R = 1− cρ

for large values of m and 1 ≤ c < 2.

Asymptotically

n → ∞,m → ∞,

c → 1,Pdec → 1
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Summary

Background Rank metric (Fqm -linear) codes.

LRPC codes and BD-LRPC.

Error support recovery for LRPC.

Expand syndrome space of BD-LRPC.

Matrix representation of the expansion.

Study the ”RowSpace expansion” problem.
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Rank Support

Let S = {s1, . . . sN} ⊆ Fqm the support of S is the Fq-subspace

generated by the elements of S

⟨S⟩Fq := ⟨s1, . . . , sN⟩Fq

Similarly for e = (e1, . . . , en) ∈ Fn
qm

⟨e⟩Fq := ⟨e1, . . . , en⟩Fq .

For H ∈ Fn1×n2
qm

⟨H⟩Fq := ⟨hi ,j | (i , j) ∈ [n1]× [n2]⟩Fq .
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Rank distance

Given two vectors v,u ∈ Fn
qm their rank distance is defined as:

d(v,u) = dim(⟨v− u⟩Fq).

The rank weight of v is defined as:

wR(v) = dim(⟨v⟩Fq).
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Fqm-linear Rank metric codes

A rank metric code is a subset C ⊆ Fn
qm .

An Fqm -linear subspace C ⊆ Fn
qm is said to be an Fqm-linear rank

metric code.

It will have a generator G ∈ Fk×n
qm and a parity check matrix

H ∈ F(n−k)×n
qm .
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RSD Problem

The Rank Syndrome Decoding (RSD) problem:

RSD Problem
Given H an (n − k)× n matrix over Fqm , a vector s in Fn−k

qm and a

small integer r , find a vector e ∈ Fn
qm of rank weight wR(e) ≤ r

such that eH⊺ = s.
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Decoding of Fqm-linear rank metric codes.

An error e of wR(e) = r can be decomposed as:

e = (ε1, . . . , εr )X , X ∈ Fr×n
q

A good decoding strategy is

• Find a base for the error support ⟨e⟩Fq = ⟨ε1, . . . , εr ⟩Fq .

• Find the error coordinates X .
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LRPC codes

LRPC codes
A code C ⊆ Fn

qm is said LRPC of density d if it admits a parity

check matrix H such that dim(⟨H⟩Fq) ≤ d < m.
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Error support recover

Recover Supp(e) = E from eH⊺ = s.

E = ⟨ε1, . . . , εr ⟩, ⟨H⟩ = ⟨a1, . . . , ad⟩ = A.

Define:

E .A = ⟨(ε1, . . . , εr )⊗ (a1, . . . , ad)⟩Fq = ⟨εiaj⟩Fq .

Key observation

s = eH⊺ ⇒ ⟨s⟩Fq ⊆ E .A, dim(E .A) ≤ rd .
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From S to E

In general

S = ⟨s⟩Fq ⊆ E .A.

When equality holds

S = a1E + · · ·+ aiE + · · ·+ adE .

Since

E ⊂ a−1
i S, ∀i ∈ {1, . . . , d}.

Most likely

E =
d⋂

i=1

a−1
i S.
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Consequences on achievable Rate

We need S = A.E then

n − k ≥ dim(S) = dim(A.E) ≈ dr .

Let R = k/n and ρ = r/n.

R ≤ 1− dρ,

where d ≥ 2
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Similar work

In [1] Aragon, Gaborit, Hauteville, Ruatta and Zémor. For LRPC

of density d = 2

R ≤ 1− 3

2
ρ,

For Bounded Degree LRPC

R ≤ 1− cρ,

where 1 ≤ c < 2 and c → 1 for m → ∞.
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Bounded degree LRPC codes

Bounded degree LRPC codes
A code C ⊆ Fn

qm is said Bounded degree LRPC of bounded degree

d if it admits a parity check matrix H such that ⟨H⟩Fq = Vα,d

where Vα,d = ⟨1, α, . . . αd−1⟩Fq .

LRPC of density d = 2

⟨H⟩Fq = ⟨a1, a2⟩Fq .

Bounded degree LRPC of bounded degree d = 2.

⟨a−1
1 H⟩Fq = ⟨1, α⟩Fq , α = a−1

1 a2.
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BD-LRPC codes inside LRPC codes

Fqm -linear codes

LRPC-d

d = 3

d = 2
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BD-LRPC codes inside LRPC codes

Fqm -linear codes

LRPC-d

d = 3

d = 2

BD-LRPC-d
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Syndrome support expansion

Notice

Vα,t .Vα,d = ⟨1, α, . . . , αt+d−2⟩Fq = Vα,t+d−1.

Suppose

S ⊊ Vα,d .E

Let n − k = r + u

t(r + u) ≥ (t + d − 1)r
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t

dim

Vα,d+t−1.E

Vα,t .S

(d − 1) ru

rd

r + u

For large u = (n − k)− r , convergence is both faster and more

likely.
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Consequence on achievable Rate

From n − k = r + u we have

R ≤ 1− ρ− µ

where

ρ =
r

n
, µ =

u

n
.
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A matrix model

Notice s ∈ Vα,d .E of basis ad ⊗ ε, where ad = (1, α, . . . , αd−1). s1
...

sn−k

 = X1ε
⊺ + αX2ε

⊺ + . . .+ αd−1Xdε
⊺.

Where

Xi ∈ F(n−k)×r
q
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A matrix model

Notice s ∈ Vα,d .E of basis ad ⊗ ε, where ad = (1, α, . . . , αd−1).

α

 s1
...

sn−k

 = (0,X1, . . . ,Xd)(ad+1 ⊗ ε)⊺.

Where

Xi ∈ F(n−k)×r
q
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A matrix model

(
s⊺

αs⊺

)
=

(
X1 X2 . . . Xd 0

0 X1 X2 . . . Xd

)
(ad+1 ⊗ ε)⊺.

21/43



A matrix model


s⊺

αs⊺

...

αt−1s⊺

 =


X1 X2 · · · Xd 0 · · · 0

0 X1 X2 · · · Xd · · · 0
...

. . .
. . .

. . .
...

0 · · · 0 X1 X2 · · · Xd




ε⊺

αε⊺

...

αd+t−2ε⊺

 .

↓ ↓ ↓

Vα,t .S Is this matrix full rank (d + t − 1)r? Vα,d+t−1.E
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When is this full rank? (d=2)

Mt =


X1 X2 0 · · · 0

0 X1 X2 · · · 0
...

. . .
. . .

...

0 · · · 0 X1 X2


Observe X1 must be invertible.
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When is this full rank? (d=2)

PMt =



Y1 Y2

Y1 Y2

. . .
. . .

Y1 Y2

Z1 Z2

Z1 Z2

. . .
. . .

Z1 Z2


,

where Yi ∈ Fr×r
q ,Zi ∈ Fu×r

q and Y1 is full rank.
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When is this full rank? (d=2)

Let A such that Y1A = −Y2.

Mt =



Y1 Y2

Y1 Y2

. . .
. . .

Y1 Y2

Z1 Z2

Z1 Z2

. . .
. . .

Z1 Z2


,

where Z = Z1A+ Z2.
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When is this full rank? (d=2)
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When is this full rank? (d=2)

Rank(Mt) = r(d + t − 1) ⇐⇒ Rank(Y1) = r ,Rank(Z̃ ) = r .

where

Z̃ =


Z

ZA
...

ZAt−1

 ∈ Fut×r(d−1)
q .
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When is this full rank? (d = 2)

Rank(Y1) = r ⇐⇒ Rank(X1) = r

Rank(Z̃ ) = r ⇐⇒ ?

Hypothesis: X1,X2 ∈ F(r+u)×r
q are random uniform.

P(Rank(X1) = r) ≈ 1− q−u

(q − 1)

P(Rank(Z̃ ) = r) ≈ 1− q−u+1

q − 1
.
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Matrix expansion

Problem

Let

Ωt(Z ,A) = RowSpan(Z ) + RowSpan(ZA) + · · ·+ RowSpan(ZAt),

and

C
(u,r ,t)
k =

{
(Z ,A) ∈ Fu×r

q × Fr×r
q | dim(Ωt(Z ,A)) = k

}
.

Determine |C (u,r ,t)
k |.
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Basic properties of Ωt(Z ,A)

Ωt+1(Z ,A) = Ωt(Z ,A) + Ωt(Z ,A)A

Then

Ω0(Z ,A) ⊆ Ω1(Z ,A) ⊆ . . . ⊆ Ω(Z ,A).

It can be proved that

Ω(Z ,A) = Ωr−1(Z ,A).
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Generation of a basis for Ωt(Z ,A)

Algorithm 1: Generation of a basis of Ωt(Z ,A) for (Z ,A), t

Input: A matrix Z ∈ Fu×r
q , a matrix A ∈ Fr×r

q and an integer t

Output: A matrix G such that RowSpan(G ) = Ωt(Z ,A).

// Initialize Ω as the zero subspace and G as an empty

list.

1 Ω = {0} ;

2 G = [] ;

3 for j ∈ [0 . . . t] do

// Add all the new linearly independent rows

obtained from ZAj using the convention A0 = Ir .

4 G (j) = [];

5 for i ∈ [u] do

6 if ziAj /∈ Ω then

7 G (j).append(ziAj);

8 Ω = RowSpan(G ) + ⟨ziAj⟩Fq ;

9 end

10 end

11 G .append(G (j));

12 end

13 Return G ; 29/43



A running example

Z =

1 0 0 0

0 1 0 0

1 1 0 0

 ,A =


0 0 1 0

1 1 1 0

0 0 0 1

1 1 1 1

 .
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A running example

Z =

1 0 0 0

0 1 0 0

1 1 0 0

 ,A =


0 0 1 0

1 1 1 0

0 0 0 1

1 1 1 1

 .

ZI =

1 0 0 0

0 1 0 0

1 1 0 0

→ G =
(
G (0)

)
=

(
1 0 0 0

0 1 0 0

)
.

31/43



A running example

Z =

1 0 0 0

0 1 0 0

1 1 0 0

 ,A =


0 0 1 0

1 1 1 0

0 0 0 1

1 1 1 1

 .

G (0)A =

(
0 0 1 0

1 1 1 0

)
→ G =

(
G (0)

G (1)
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0 1 0 0

1 1 0 0

 ,A =


0 0 1 0

1 1 1 0

0 0 0 1

1 1 1 1

 .

G (1)A =
(
0 0 0 1

)
→ G =

G (0)

G (1)

G (2)

 =


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

 .

31/43



Change of basis invariance

Let B ∈ GLr (Fq), since

ZB(B−1AB)j = (ZAj)B

then

Ωt(ZB,B
−1AB) = Ωt(Z ,A)B

and

(Z ,A) ∈ C
(u,r ,t)
k ⇐⇒ (ZB,B−1AB) ∈ C

(u,r ,t)
k
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How to count |C (u,r ,t)
G |

Proposition 3

C
(u,r ,t)
G = {(Z ,A) ∈ Fu×r

q × Fr×r
q : Alg(Z ,A, t) = G},

Then:

|C (u,r ,t)
G | = |C (u,r ,t)

Ek
|.

Where

Ek =
(
Ik 0

)
Key fact:

If GB = Ek , then

(Z ,A) ∈ C
(u,r ,t)
G ⇐⇒ (ZB,B−1AB) ∈ C

(u,r ,t)
Ek
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How to count |C (u,r ,t)
k |

Corollary 1

C
(u,r ,t)
k = {(Z ,A) ∈ Fu×r

q ×Fr×r
q : Alg(Z ,A, t) = G ,Rank(G ) = k}.

Then we have

|C (u,r ,t)
k | = |G ||C (u,r ,t)

Ek
| = Aq(r , k)|C (u,r ,t)

Ek
|.

Where

Aq(r , k) =
k−1∏
i=0

(qr − qi ).

Matrices Fk×r
q of rank k.
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Counting |C (u,r)
Ek

|

Proposition 4

C
(u,r)
Ek

=
{
(Z ,A) ∈ Fu×r

q × Fr×r
q | Alg(Z ,A, r − 1) = Ek

}
,

|C (u,r)
Ek

| =

[
k + u − 1

u − 1

]
q

qr(r−k)+k .
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Sketch Proof

Observe:

zi ∈ RowSpan(Ek), so Z = (Ẑ |0).

Moreover:

v ∈ RowSpan(Ek) ⇒ vA ∈ RowSpan(Ek).

Then: (
Z

A

)
=

Ẑ

Y
0

Â


There are q(r−k)r choices of Â ∈ F(r−k)×r

q .
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Sketch Proof

(
Z

A

)
=



1000
•000
0100
••00
0010
•••0
0001

••••


=


Z (0)

Z (1)

Z (2)

Z (3)

 =⇒ E4 =


G (0)

G (1)

G (2)

G (3)

 =


1000
0100

0010

0001



Last row yk always qk possible choices.
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Z (3)
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G (0)

G (1)

G (2)

G (3)

 =


1000
0100

0010

0001



Last row yk always qk possible choices.
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Sketch Proof

The remaining part form a Ferrer’s diagram.

F =

(•000
••00
•••0

)
∈ Fu−1,k .

Summing all the possible F∑
F∈Fu−1,k

q|F | =
[
k + u − 1
u − 1

]
q
.
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Sketch Proof

|C (u,r)
Ek

| = |Fu−1,k ||Â||yk |
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Sketch Proof

|C (u,r)
Ek

| =

[
k + u − 1

u − 1

]
q

qr(r−k)+k .
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Finally |C (u,r)
k |

Recall Corollary 1:

|C (u,r)
k | = Aq(r , k)|C (u,r ,t)

Ek
|.
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k + u − 1

u − 1

]
q
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Full rank of
(
Z
A

)

Corollary 2

The probability that a random matrix Y =

(
Z

A

)
uniformly drawn

from F(r+u)×r
q produces a r -dimensional subspace Ω(Z ,A) is

|C (u,r)
r |

qr(r+u)
≈ 1− q−u+1

q − 1
.
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Conclusion

We show that

Vα,t .S = Vα,d+t−1.E

with a probability in the order of 1− q−u+1.

Recall

R ≤ 1− ρ− µ

We can fix u while n → ∞. Asymptotically µ = u
n → 0.
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Requirement on m

E ⊆ Vd+t−1.E ∩ α−(d+t−1)Vd+t−1.E
A ∩ B

For equality we need at least

m ≥ dim(A+ B) = dim(A) + dim(B)− dim(A ∩ B)
= 2(d + t − 1)r − r = (2(d + t)− 3)r .
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Some properties of Ωt(Z ,A)

Ωt+1(Z ,A) = Ωt(Z ,A) + Ωt(Z ,A)A

If Ωt+1(Z ,A) = Ωt(Z ,A) then Ωt′(Z ,A) = Ωt(Z ,A) for all

t ′ ≥ t.

Ωt+2(Z ,A) = Ωt+1(Z ,A) + Ωt+1(Z ,A)A

Since dim(Ωt(Z ,A)) ≤ r , then Ωt(Z ,A) ⊆ Ωr−1(Z ,A) for all t
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