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Abstract

Spread and partial spread constructions are the most powerful bent function construc-

tions. For instance, every function from a 2m-dimensional vector space Vé’;r)b over [F,, into

I, for which every element of F,, has the same number of subspaces (0 excluded) from the
spread in its preimage set, except from 0 (w.l.o.g) which has one more subspace (0 included)
in its preimage, is bent. Further, from spreads one obtains not only bent functions between

elementary abelian groups, but bent functions from Vé’:,)l to B, where B can be any abelian
group of order p*, k < m.

As recently shown (Meidl, Pirsic 2021), partitions from spreads are not the only partitions
of V(Qi)z with these remarkable properties. In this talk we present first such partitions (other

than (partial) spreads), which we call bent partitions, for Vé’;)w p odd. We investigate general

properties of bent partitions, like number and cardinality of the subsets of the partition.
Moreover, we show that bent functions from Vgﬂi into a cyclic group Z,r are obtained from
bent partitions.

1 Introduction

The perhaps most powerful construction of bent functions is based on spreads of Vﬁf’ ), n = 2m.

This ubiquitous construction does not only yield a large variety of bent functions between
elementary abelian groups, but also a large variety of bent functions from Vq(zp ) to B , where B
can be any finite abelian group of order p*, k < m. Until very recently, the (partial) spread
construction has been the only construction which yields also bent functions from V%p ) into the
cyclic group Z,x, k > 3, which we will also call Z,s-bent functions. Recall that a function

f: v - Zyx is bent if [Hy(c,u)| = pV/? for all u € V% and nonzero ¢ € F,x, where

He(e,u) = Z egf(x)eéu’@", €ph = 2mi/P"

mEV%p)

Furthermore, a function f which satisfies the much weaker condition that |H((1,u)| = p"/? for
all u € V%p ), is called a generalized bent function.

In [2] a construction of Zyk-bent functions is proposed, which is based on partitions I';, 'y of
Fom X Fom, which have similar properties as a spread of Fom X Fom. The resulting bent functions
are provably not coming from the (partial) spread construction. Now we describe the main
result in [2] on bent functions obtained from these partitions.

Let m, k be integers such that k divides m and ged(2™ — 1,2 +1) =1, let e = 2™ — 2k — 2
and d such that de = 1 mod 2™ — 1. For an element s € Fom define

Us:={(z,s27°¢) : z €Fom}, U =Us\{(0,0)}, and U = {(0,y) : y € Fom}.
Then U, U, s € Fam, form a partition of Fom X Fam. Similarly, for an element s € Fam we define

Ve={(z7%,2) : 2 €Fam}, VF =V, \{(0,0)}, and V = {(2,0) : x € Fom}.



For the divisor k of m and an element v of Fyr let

A= {J v and By= |J W

s€Fom s€Fgm
Tt (s)=> Tt (s)=>

With these definitions we obtain two partitions of Fom X Fom,
Iy ={U A(v);v € For} and Ty ={V,B(y);7 € Far},

into 2% + 1 subsets, that have similar properties as spreads have. In fact, for k& = m, both
partitions reduce to the Desarguesian spread.

Theorem 1.1 [2] Let m,k be integers such that k divides m and ged(2™ — 1,28 4 1) = 1, let
e=2m—2F 2 and d such that de = 1 mod 2™ — 1.

I. Every Boolean function of which the support is the union of 281 of the sets A(7Y) is a bent
function. Likewise, their complements, i.e., the Boolean functions with U and 2¥~1 of the
sets A(7y) as their support, are bent.

II. Every Boolean function of which the support is the union of 28~ of the sets B(y) is a
bent function. Likewise the Boolean functions with V and 281 of the sets B(v) as their
support, are bent.

The duals of the bent functions of the class in I are in the class in II (and vice versa).
As for spreads, we also obtain bent functions from V,(f) into various abelian groups B, in par-
ticular into cyclic groups.

Theorem 1.2 [2] Let m, k be integers such that k divides m and ged(2™ —1,2% +1) = 1, and
let m(i) = ~; be a one-to-one map from Zor to For. Then the function f : Fom X Fam — Zok
given as

- f(xvy) =i if (l‘,y) € ‘A(’Yz) ((:Cay) € B(’YZ))’
- f(0,y) =0 w.l.o.g. (f(x,0)=0 w.l.o.g.) for all y € Fom (x € Fom ),

15 a Zgr-bent function.

2 Bent partitions

Motivated by the above partitions as well as the partitions from spreads, and also from partial
(p)

spreads, we introduce a class of partitions of an elementary abelian p-group V,,”, which possess
similar properties.

Definition 2.1 Let Q = {U, Ay,...,Ax} be a partition of Vﬁf’). Suppose that every function
with the following properties is bent:

I Every c € Fy, has exactly K/p of the sets Ay,..., Ak in its preimage set,
II f(x) =cp for all x € U and some fized cy € Fp.
Then we call Q0 a bent partition of V,(f’).

From the definition of a bent partition €2 of Vﬁlp ) we obtain the following theorem on the number
and on the cardinalities of the sets in the partition.

Theorem 2.2 Let Q@ ={U, Ay,...,Ax} be a bent partition of Vﬁf’). Then n is an even integer,
p divides K, and the following holds.

(1)
P - 1)

Ul =52 and |4, ~

1<j< K.

(ii) U is an affine subgroup onglp), K < 2p"?%—p, and |A;| > 2n/2=1 it p = 2 and |A;| > pn/#
if p is odd.



Proof: (i) We only consider the case of p odd as the argument for p = 2 is very similar. We
can order the sets A; so that we have

|[A1] < Ag| < -+ < AR 1| < JAK] (1)

With [4, Theorem 3.2] on the value distribution of a p-ary bent function, one easily sees that
n must be even, and then for a p-ary bent function f we have b. = [{z € v . f(x) =c}| =
P+ (p—1)p2 ! for a unique ¢ € Fp, and by = p" ! Fpz lforallle [, \ {c}. For some bent
function f obtained from the bent partition (2, we can arbitrarily choose K/p of the sets A; as

the preimage of £ in F), \ {c}. Hence we can suppose that for £ € F, \ {c}

K/p K
b= A=Y |4l
i=1 i=K—X 41
P
which implies by Equation (1) that |A;| = |Aa| = -+ = |Ak/|. In this case, U has to lie in the

preimage of ¢, i.e., b, > by for £ # c. Therefore, we have b, = p" ' + (p — 1)10%71 and b, =
p*t—p2~tforall £ € F,\ {c}. Hence, |U| = b, — by = p=. Consequently, |A;| = (p" — p™/?)/K
foralli=1,..., K.

(ii) By the definition of a bent partition {2 we can obtain bent functions f, g which only differ
on the set U of cardinality p™/2. Then f and g have the minimal possible distance between bent
functions, and U must be an affine subspace of v ), see [5]. Exchanging two sets A;, and A;,

in the preimages of ¢; and ¢y we get two bent functions f,g with distance d(f,g) = 2|4;| =
21’71/2)(177;/271) > p"/2 and K < Z(p"/Q—l), |4 > p”/2/2 follows. Since p must divide K, we must
have K < 2p™? — p. With this, from |A;| = p"/?(p™/? —1)/K we obtain |4;| > (p"/? +1)/2. O

3 Vectorial bent functions and Z,:-bent functions from bent par-
titions

We first show that bent partitions induce vectorial bent functions.

Theorem 3.1 Let Q = {U, Ay,..., A} be a bent partition of V%p), and suppose that K = p*.

Then every function F : V&p) — V,(Cp) such that every element c € V,(f) has the elements of
exactly one of the sets Aj, 1 < j < K, in its preimage, and U is mapped to co, is a vectorial
bent function.

Proof: It suffices to show that for every nonzero v € V;p ) the component function F,(z) =

(v, F(z))y, is a p-ary (Boolean) bent function. For z € A; we have Fy,(z) = (v, ¢j)i, if F maps A;
to ¢j. Since the inner product (,); on V,(Cp ) is balanced, every element of [, has a exactly ph1
of the sets A;, 1 < j < K, in its preimage. As F, is also constant on U, by the definition of a
bent partition, F;, is bent. O

Now we want to show that a bent function from V%p ) into the cyclic group Z,x can be

obtained from a bent partition with K = pF. Recall that a function f : V,(lp ) Zyk can be
uniquely written as

f(z) = ao(@) + ar(@)p + - + ap_r (2)p* (2)

for some p-ary functions a;, 0 < ¢ < k — 1. The following lemma will be our essential tool to
show the bentness property coming from bent partitions.

Lemma 3.2 (i) f : V,(lp) — Zyk 15 bent if and only if ptf is generalized bent for every t,
0<t<k-—1, seee.g. [1]



(i) [3] f: V%p) — Ly given as in (2) is generalized bent if and only if every p-ary function of
the form ax_1(x) ® C(z) is bent, where C is a p-ary function which is constant on the sets
of the partition Py = {A(d) : 0 <d < pF~1 — 1} with

k—2
A(d) = {z e VP : Y " ai(2)p’ = d}. (3)

=0

Let Q = {U, Ao,...,Ayx_1} be a bent partition of v, By adding a constant to f(x) and
reordering the partition, we can without loss of generality suppose that f(z) = j if 2 € A; and
f(z) =0if z € U. With this convention we first show that f is a generalized bent function.

Proposition 3.3 Let Q = {U, Ay, ... ,Apk_]_} be a bent partition of Vgp). Then the function
I Vﬁf’) > Zyk such that f(z) = j if v € A; and f(z) =0 if x € U is generalized bent.

Proof: According to Lemma 3.2 (ii), we need to investigate two partitions, namely the ones
coming from aj,_;(x) and the ones given in Equation (3). For j € {0,...,p* — 1}, we can write
j=d+p* 1 for some d € {0,...,pF" ' =1} and £ € {0,...p—1}. Note that az_;(z) = £ on A;
if j=d+ep*tford=0,...,p" 1 —1. Also, ford=1,...,p""1 —1 we have

p—1 p—1
A(d) = | Agygper and A(0) =U U A
=0 =0

Say C(z) = cq on A(d) for some cq € F,. We fix d € {0,...,p*"! — 1}. Then every element
of F, is attained as an image of ar_1(z) ® C(x) on exactly one A; lying in A(d) while ¢ runs
in {0,...,p — 1}. That is, for each d € {0,...,p""1 — 1} and b € F,, there exists a unique
A; C A(d) such that ay_1(z) ® C(z) = b for all z € A;. Moreover, a;_1(z) ® C(z) = ¢o for all
x € U. Hence, the inverse image of b € F,, \ {co} consists of the union of p*~1 sets A; in Q,
and the inverse image of ¢y consists of the union of p*~! sets Ajin Q and U. Since () is a bent
partition, this implies that ax_;(z) @ C(z) is a bent function. O

Theorem 3.4 Let Q = {U, Ao, ..., Ay_1} be a bent partition of V%p), then the functions given
by f(x) =3 ifx € Aj and f(xz) =0 (w.lo.g.) if x € U, is a bent function from V,(lp) to Lk

Proof: By Lemma 3.2 (i), it is enough to show that p'f(z) is generalized bent for any 0 <
t < k — 1. Since the argument holds for ¢ = 0 by Proposition 3.3, we consider ¢ > 1. Let
f(z) = ao(x) + ar(x)p+ - - - + ap_1(x)p*~'. Then

P f(a) = ao(@)p' + -+ ap—er ()P A+ (ap—e(z) + -+ apo (@)p )t (4)

In this case, we have A(d) = {z € v pt Zf;éfz a;(x)p' = d}. By Lemma 3.2 (ii), we need to
investigate two partitions of V%p ), namely the ones coming from the preimage of a;_;—1(x) and
the ones coming from A(d). For A(d), we consider d € Z, such that d =0 mod p’; otherwise
we know that A(d) = (). Hence, let d = ptd, where d € {0,...,pF*71 — 1}, and say C(z) = c;
on A(d). We will show that ax_;_1(z) ® C(x) is a bent function.

For j € {0,...,p* — 1}, we can write j = d + €p* =1 + sp"t + .- + s1p*~1 for some d e
{0,...,pF* 1 —1} and s4,...,51 € {0,...,p — 1}. Then A; belongs to A(p'd), i.e., C(z) = cg
on Aj, and ay_¢—1(z) = ¢£. For a fixed d and s, ..., s, running over [F,, every element of F), is
attained as the image of ay_;—1(x) ® C(z) on exactly p’ sets A; as ¢ runs over F,. Hence, the
inverse image of b € F,\ {cp} contains p’ x p*~t=1 = pF~1 sets A;. Moreover, ay_;_1(z) ®C(z) =
co on U. Hence, the inverse image of b € F,\ {co} consists of the union of p*~1 sets A;, and the
inverse image of ¢ consists of the union of p*~! sets A; and U. This implies that aj_1(x) ®C(x)

is a bent function, as €2 is a bent partition. O



Now we generalize the class of bent partitions given in [2] to odd characteristic. We remark
that the partition for p = 2 has been found by using a property of Boolean bent functions that
are connected with some Zqr-bent functions, see [1, Corollary 1]. This property does in general
not hold for Z x-bent functions, hence per se, it is not clear that such a generalization for odd
p exists. The proof with character sums, which naturaly is more elaborate than for the case
p = 2, we omit in this extended abstract.

Let m, k be integers such that k divides m and ged(p™ —1,pF+p—1) =1, let e = p™ —pF —p
and d such that de =1 mod p"™ — 1. For an element s € F,» define

Us :={(z,527¢) : x €Fpm}, U =Us\{(0,0)}, and U = {(0,y) : y € Fam}.
Then U, U}, s € Fym, form a partition of Fpm x Fym. Similarly, for an element s € F,m we define
Vei={(z7%,2) : 2 €Fpm}, V=V, \{(0,0)}, and V = {(2,0) : = € Fpm}.

For an element v of F,x let then

A= | Uf and By)= |J W

sG]Fpm SE]Fpm
T (s)=> e (s)=>

With these definitions we obtain two partitions of Fpm x Fpm,
Py={U, Ay € By} and Ty = {V,B(1)i7 € Fyel,

into p¥ 4+ 1 subsets, that have similar properties as spreads have. In fact, for k& = m, both
partitions reduce to the Desarguesian spread.

Theorem 3.5 Let m,k be integers such that k divides m and ged(p™ — Lpk+p— 1) =1, let
e=p" —p* —p and d such that de = 1 mod p™ — 1.

L Let f be a p-ary function from Fpm X Fym to I, for which every ¢ € Fy, has the union of
exactly p*~1 of the sets A(7y) (respectively B(7y)) in its preimage set. Further suppose that
f is constant co on U (respectively V') for some co € Fp. Then f is a p-ary bent function.
Conversely every p-ary bent function that is constant on the elements of I'1 (respectively
[y ) is of this form.

II. Let F : Fym X Fpm — Z,k such that every ¢ € Zyx has exactly one of the sets A7)
(respectively B(7)) in its preimage set, and F(x) = cq for all x € U (respectively x € V),
for some co € Zyk. Then F' is a bent function.

Remark 3.6 The bent partitions we present in this abstract can be seen as generalizations of
the Desarguesian spread. We expect that there are many more classes of bent partitions. For
the small value k = 3, some partitions are obtained from the values in Table 1 in [2].
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