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Abstract

In this paper, we construct a large family of projective linear codes over I, from the general simplicial
complexes of Fy' via the defining-set construction, which generalizes the results of [IEEE Trans. Inf. Theory
66(11):6762-6773, 2020]. The parameters and weight distribution of this class of codes are completely determined.
By using the Griesmer bound, we give a necessary and sufficient condition such that the codes are Griesmer codes
and a sufficient condition such that the codes are distance-optimal. For a special case, we also present a necessary
and sufficient condition for the codes to be near Griesmer codes. Moreover, by discussing the cases of simplicial
complexes with one, two and three maximal elements respectively, many infinite families of optimal linear codes
with few weights over [, are obtained, including Griesmer codes, near Griesmer codes and distance-optimal codes.
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[. INTRODUCTION

Let Fyn be the finite field with g™ elements and Fy» =Fgn\{0}, where g is a power of a prime p and m
is a positive integer. An [n,k,d] linear code C over Fy is a k-dimensional subspace of Fy with minimum
(Hamming) distance d. An [n,k,d] linear code C over F, is called distance-optimal if no [n,k,d + 1] code
exists (i.e., C has the largest minimum distance for given n and k) and it is called almost distance-optimal
if there exists an [n,k,d + 1] distance-optimal code. An [n,k,d| linear code C is called optimal (resp.
almost optimal) if its parameters n, k and d (resp. d + 1) meet any bound on linear codes with equality
[8]. The Griesmer bound [7], [14] for an [n,k,d] linear code C over F, is given by

k—1 d
nz g(k7d) = Z{)I_g]a

where [-] denotes the ceiling function. An [n,k,d] linear code C is called a Griesmer code (resp. near
Griesmer code) if its parameters n (resp. n— 1), k and d achieve the Griesmer bound. Griesmer codes have
been an interesting topic of study for many years due to not only their optimality but also their geometric
applications [4], [5]. In coding theory, it’s a fundamental problem to construct (distance-)optimal codes.

Recently, constructing optimal or good linear codes from mathematical objects attracts much attention
and many attempts have been made in this direction. In the various kinds of mathematical objects,
simplicial complexes (which are certain subsets of Fy' with good algebraic structure) are really useful
to construct optimal or good linear codes. The investigation of constructing linear codes from simplicial
complexes, to the best of our knowledge, first appeared in [3] (in 2018), in which Chang and Hyun
constructed the first infinite family of binary minimal linear codes violating the Ashikhmin-Barg condition
[2] by employing simplicial complexes of F5' with two maximal elements. In 2020, Hyun et al. [10]
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constructed infinite families of optimal binary linear codes from the general simplicial complexes of [’
via the defining-set construction. Later, by using simplicial complexes of F5' with one maximal element,
several classes of optimal or good binary linear codes with few weights were derived in [11], [16], [18]
via different construction approaches. Shortly after, simplicial complexes of 7' with one and two maximal
elements were utilized to construct quaternary optimal linear codes in [17], [19] by studying new defining
sets of [)’. Recently, some researchers also concentrated on linear codes constructed from simplicial
complexes of Fg' with ¢ > 2. Hyun et al. [9] first defined the simplicial complexes of [} for an odd prime
p in 2019, and after that several classes of optimal p-ary few-weight linear codes were constructed in [9],
[13], [15] by using different simplicial complexes of ) with one maximal element. Later, Pan and Liu
[12] defined the simplicial complexes of F%' in another way and presented three classes of few-weight
ternary codes with good parameters from their defined simplicial complexes of F5' with one and two
maximal elements.

In this paper, we first define the simplicial complexes of Fy' for any prime power g (see the details in
next section) in a different way from the definitions given by [9], [12] for a prime p and g = 3 resepctively.
Then we employ the general simplicial complexes of F/' to construct projective linear codes C over Fy
via the defining-set construction. We completely determine the parameters and weight distribution of C.
Moreover, we characterize the optimality of this family of linear codes, which shows that many (distance-
)optimal codes can be produced from this construction. In addition, by studying the three cases of simplicial
complexes of Fy' with one, two and three maximal elements respectively, it shows that infinite families
of optimal linear codes with few weights are produced from our construction, including Griesmer codes,
near Griesmer codes and distance-optimal codes.

II. PRELIMINARIES

In this section, we present some preliminaries which will be used for the subsequent sections.

Here we introduce the concept of simplicial complexes of F', where ¢ can be any prime power. For
two vectors u = (uy,ua,...,un) and v = (vi,va,...,vy) in FY', we say that u covers v, denoted v < u,
if Supp(v) C Supp(u), where Supp(u) = {1 <i<m:u; # 0} is the support of u. A subset A of F{" is
called a simplicial complex if u € A and v < u imply v € A. An element u in A with entries 0 or 1 is
said to be maximal if there is no element v € A such that Supp(u) is a proper subset of Supp(v). For a
simplicial complex A CF7', let F = {Fi,F3,...,F,} be the set of maximal elements of A, where / is the
number of maximal elements in A and F;’s are maximal elements of A. Let A; = Supp(F;) for 1 <i <Hh,
which implies A; C [m] := {1,2,...,m}. Note that A;\A; # 0 for any 1 <i# j < h by the definition. Let
A ={A1,As,...,A,} be the set of supports of maximal elements of A, and 4 be called the support of A,
denoted Supp(A) = 4. Then one can see that a simplicial complex A is uniquely generated by 4, denoted
A = (4). Notice that both the set of maximal elements 7 and the support 4 of A are unique for a fixed
simplicial complex A. For any set B consisting of some subsets of [m], we say that a simplicial complex
A of IF7 is generated by B, denoted A = (B), if A is the smallest simplicial complex of [F7 containing
every element in 7" with the support B € B.

Notice that the above definition of simplicial complexes of FJ' is a generalization of the original
definition of simplicial complexes of F7' [1], [10], and it is different from the two definitions presented
in [9] for IF;,” and in [12] for F7'.

We will construct a large family of linear code from simplicial complexes of 7' via the defining-
set construction in this paper. In 2007, Ding and Niederreiter [6] introduced a nice and generic way to
construct linear codes via trace functions. Let D C Fyn and define

Cp = {ca=(Trd" (ax))xep 1 a € Fgn}. (1)

Then (Cp is a linear code over F, of length n:= |D|. The set D is called the defining set of Cp and the
above construction is accordingly called the defining-set construction.



The following notation will be used frequently in this paper. Let 0 <T < ¢"~! be an integer. Then T can
be uniquely written as 7' = Z?:_oz tjq’, where 0 <t; <g—1is an integer for 0 < j <m—2. Let v(T') (resp.
u(T)) denote the smallest (resp. largest) integer in the set {0 < j<m—2:¢;#0} and {(T) = 27:_01 t.

III. THE PROJECTIVE LINEAR CODES OVER Fq FROM THE GENERAL SIMPLICIAL COMPLEXES

Let A be a simplicial complex of Fm, and A° be the complement of A, namely, A° = ?\A. Notice
that if x € A, then yx € A for any y € F, due to the definition of simplicial complexes. Hence for any
simplicial complex A, A® can be expressed as

AC:FZZC:{yz:yEFZ and z € A"}

where z;/z; ¢ I, for distinct elements z; and z; in A°, and clearly |A°| = |A°|/(g—1).
In this section, we investigate the projective codes Cze defined as in (1).

Theorem 1. Let A be a simplicial complex of Fyn with the support A= {A1,As,...,Ap}, where 1 <|A1| <
|As| < --- < |Ap| < m. Assume that A;\(Ui<j<p j£iAj) 70 for any 1 <i<hand q" > Y 1<i<p g il. Denote
T = Zlgighqml"*l. Let Cxe be defined as in (1). Then
1) Cxe has parameters [(¢" — |A|)/(g—1),m,q™ ' — T, where |A| = Zq)#sg/q(—l)m*lq'ms‘ and NS is
defined as NS = NaesA.
2) Cxe is a Griesmer code if and only if |A;NA;| =0 for any 1 <i < j <h and at most g—1 of |A;
are the same.
3) Cxe is distance-optimal if |A| =14 (q—1)(v(T)+1) > qT —{(T).
4) Cxe has the following weight enumerator

s
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where Q ={S:SC 4,5 # 0} and

W] = g UseowS] Y 1)IEI= gnl(Uiee (MU Uscan(0S))]
0+4ECR

Remark 1. Note that qT —|A| = ngﬂ,‘skz(—l)‘s‘_lq'm' whose value heavily relies on those of |A;NAj|
for 1 <i< j<h. By the definition, v(T) > |A1| and £(T) < h. Thus the condition in 3) of Theorem 1 can
be easily satisfied if |A1| is large enough and |A;NA||’s are small enough.

Remark 2. The given formula in 4) of Theorem 1 to compute the weight distribution of Cxe is completely
computable for a given A with support A= {A1,A,..., Ay} although the expression seems not so simple.
Thus we say that the weight distribution of Cxe is completely determined in Theorem 1.

In the following corollary, we take a more in-depth discussion on the case that |A;NA;| =0 for all
1 <i< j<h for the code G4 in Theorem 1.

Corollary 1. Let A be a simplicial complex of Fyn with the support 4 = {A1,As,...,Ap}, where 1 <
A1 < JAz| < -+ < |Ap| < m. Assume that |A;NA;| =0 for 1 <i< j<h. Denote T =Y <icpq =\, Let
Cye be defined as in (1). Then Cye is an at most 2"-weight [(¢" — Y1, g4 +h—1)/(g—1),m,g" " =T]
linear code with weight enumerator

Z (qm—Zie[h]\R Ail _ Z (_1)|E|_1qm_):ieE |Ai| = Yicim\r |Ai\)zqm71—2iekqlAilfl _|_(qm—):f’:1 |A;] _ 1)quil +1.
04RC[1] 0/ECR

Moreover, we have the followings:

1) Cye is a Griesmer code if and only if at most q—1 of |A;|’s are the same;
2) Cxe is a near Griesmer code if and only if {(T) =h—(q—1); and



3) Cxe is distance-optimal if {(T)+(q—1)(v(T)+ 1) > h. Specially, when |A;| = € for 1 <i < h, where
€ is a positive integer, it is distance-optimal if £(h) + (¢ —1)(v(h) +¢€) > h.

Remark 3. The Griesmer codes in Corollary 1 (or Theorem 1) are indeed the Solomon-Stiffler codes.
Definitely, for the other cases (not the Griesmer codes), our codes Cxe in Corollary 1 and Theorem I are
different from the Solomon-Stiffler codes.

Remark 4. Notice that the condition in 2) of Corollary 1 can be easily satisfied by selecting proper A;’s.
Moreover, the condition {(T)+(q—1)(v(T)+1) > h for Cx to be distance-optimal can be easily satisfied
if |A1] is large enough since 1 <{(T) <h and v(T) > |A}|, and consequently many distance-optimal linear
codes can be produced in Corollary 1 besides (near) Griesmer codes.

Next, we give more explicit results on the cases 7 = 1,2,3 of Theorem 1.

Corollary 2. Let A be a simplicial complex of Fyn with exactly one maximal element and its support is {A}
with A C [m] and 1 < |A| <m. Then Cxe defined by (1) is a 2-weight [(q" —q"N/(g—1),m,qg" ' — g7 1]
linear code with weight distribution

’ Weight w \ Multiplicity A,, ‘
0 1
qm—l qm—\A[ 1
qm—l _q\A[—l q" _qm—|A|

and it is a Griesmer code.

Corollary 3. Let A be a simplicial complex of Fyn with the support A ={A1,A2}, where 1 <|A1] < |A2| <
m. Assume that q"* > q|A1| —l—q‘A2|. Let T = c]'A”_1 +q|A2‘_1. Then Cie defined by (1) is an at most 5-weight
(g™ — g™l — gl2l - glna2ly /(g — 1) m, g1 — gMI=1 — 1211 linear code and its weight distribution
is given by

] Weight w \ Multiplicity A,, \
0 1
m—1 qu[A1UA2| —1
qul _q|A2|71 qu[Al{ _qu\AIUAz\
qm—l _q|A1|—1 qm—\Az\ _qm—\Alqu\
g1 — gl glaal-1 g ANA2] _ gm—Al] _ gm=[Ao | gm—[A1UA]
g T — AT AT AT | g m [AiTA]

Moreover, we have the followings:

1) When |A1NAy| =0 and |A|| = |A2|, Cx is a near Griesmer code (also distance-optimal) if q = 2
and it is a Griesmer code if g > 2. It reduces to a 3-weight code in this case.

2) When |A1NAz| =0 and |A1| < |Az|, Gy is a Griesmer code and it reduces to a 4-weight code.

3) When |A1NAz| >0 and |A\| = |Az|, Cxe is distance-optimal if {(T)+(q—1)(v(T)+1) > gl
and it reduces to a 4-weight code. Specially, Cxe is a near Griesmer code if ¢ >2 and |A;NAz| = 1.

4) When |A1NAz| >0 and |Ay| < |Az|, Cye is distance-optimal if (q—1)|A1]+1 > g1™2l. Specially,
Cxe is a near Griesmer code if |A;1NAz| = 1.

Corollary 4. Let A be a simplicial complex of Fyn with the support A = {A1,A2,A3}, where 1 < |A;| <
|Az| < |A3| < m. Assume that A;\(Ui<j<3 j£iA;) # 0 for any 1 <i <3, and ¢" > Y 1<i<3 gl Ler T =
Yi<i<3q1=L. Then Cye defined by (1) is a [(¢" —|A[)/(g—1),m,q" ' —T| linear code, where |A| =
Z?zl q‘Ai‘ — Yl<i<j<3 q‘AmA.f‘ +q‘A10A20A3|. Moreover, we have the followings:
1) Gy is a Griesmer code if and only if |A;NA;| =0 for 1 <i < j<3 and at most q—1 of |A;
the same (which always holds for g > 3).

s are




2) Cye is a near Griesmer code if one of the followings holds: i) |A;NAj| =1 for only one element

(i,]) in the set {(i,j):1<i< j<3} and |A;NA;| =0 for the other two (i, j)’s, and at most q— 1
of |Ail’s are the same; ii) g =3, |AiNAj| =0 for 1 <i< j<3, and |Ai| = |A2| = |A3|; and iii)
g=2 1AiNAj|=0for 1 <i< j<3, and |A|| = |A2| < |A3| =1 or |A1] < |Az| = |A3].

3) Gy is distance-optimal if (q—1)(W(T)+1)+4(T) — 1> ¥ <icj<3 gAinAil — glAinA204s]

Remark 5. The weight distribution of Cxe in Corollary 4 also can be determined by the formula in 4) of
Theorem 1, which is at most 19-weight.

I'V. CONCLUDING REMARKS

The main contributions of this paper are summarized as follows:
« We constructed a large family of projective linear codes Cyc over F, from the general simplicial

(1]
(2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]

(10]
(11]
(12]
(13]
(14]
(15]
(16]
(17]

(18]
[19]

complexes A of IE‘Zl via the defining-set construction. This totally extends the results of [10] from [,
to IF,. To the best of our knowledge, this paper is the first to study linear codes over I, constructed
from the general simplicial complexes of Fy' for a prime power g > 2.

The parameters and weight distribution of Czc were completely determined (see Theorem 1) in this
paper. Thus this paper also determines the weight distribution of the binary codes constructed from
the general simplicial complexes of 7! in [10, Theorem IV.6], in which the weight distribution of the
binary codes were studied only for the case of simplicial complexes of I with two maximal elements.
Moreover, as a byproduct, the weight distributions of the Solomon-Stiffler codes are determined in
Corollary 1 for the case that the corresponding subspaces in ' of the projective subspaces U; are
spanned by some subsets of a certain basis of Fy'.

By using the Griesmer bound, we gave a necessary and sufficient condition such that Ce is a Griesmer
code and a sufficient condition such that Gz is distance-optimal. In addition, we also presented a
necessary and sufficient condition for G4 to be a near Griesmer code in a special case. This shows
that many infinite families of (distance-)optimal linear codes can be produced from our construction.
By studying the cases of the simplicial complexes A with one, two and three maximal elements
respectively, we derived infinite families of optimal linear codes with few weights over I, including
Griesmer codes, near Griesmer codes and distance-optimal codes.
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