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p: a prime number

Vp: An n-dimensional vector space over Fy, (like Fyj, Fpn or Fpm x Fym)
Zyy: the cyclic group of order pF

Main Interest: Bent functions f:V,, - Vi or f:V,, — Lk
Definition: f:V, — Vi (resp., f: V, — Z,) is called bent if for any

character x of V,, x Vj, (resp., V,, x Zpk) that is non-trivial on Vy
(vesp., Zy,) we have

1S X S(@)] = p

CEEVn



€pit Primitive p’-th root of unity in C , i.e., €,; = e2mi/p’
For f:V, — Vi and (a,b) € V,, x Vi, define

We(a,b) = Z efoa’@”*(@f(x))k,

eV,

pj

where (, ), and (, ) are non-degenerate inner products of Vi and V,,
respectively.
For f:V, — Z, and (a,b) € V,, X Z, define

Hyah) = 3 el

p p
eV

[V = Vi (vesp., f:Vy — Z,) is bent if [Wy(a,b)| = p™? (resp.,
1H4(a,b)| = p™/?) for a € V,, and any non-zero b € V}, (resp., b € Ly ).
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where (, ), and (, ) are non-degenerate inner products of Vi and V,,
respectively.
For f:V, — Z, and (a,b) € V,, X Z, define
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[V = Vi (vesp., f:Vy — Z,) is bent if [Wy(a,b)| = p™? (resp.,
1H4(a,b)| = p™/?) for a € V,, and any non-zero b € V}, (resp., b € Ly ).

Remark: In general, V;, = F}), Fpn or Fym X Fpm, n = 2m, and

(z,y) =z -y, (x,y) = Tra(xy) or ((z,y), (2, w)) = Trm(zz + yw),
respectively.
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Motivation

SPREAD CONSTRUCTION

Definition: A partial spread S of V,,, n = 2m, is a set of

m-~dimensional subspaces of V,, that intersects trivially. If |S| = p™ + 1,
then § is called a spread.

Example: Desarguesian Spread
Let V,, = Fpm x Fpm. For s € Fym, set

Us={(z,s2) |z €Fpm} and U ={(0,y)|ycFpn}.
Then & = {U,Us | s € Fym} is a spread.

Construction of bent functions with a spread:
Let S = {Up,U,...,Uym} be a spread of V,,, n = 2m, and let B be an
abelian group of order p* for some 1 < k < m. We obtain a bent
function from V,, to B as follows.
@ For every ¢ € B, the non-zero elements of exactly p™* of U;
1 < j < p™ are mapped to c.
© The elements of Uy are mapped to a fixed ¢y € B.



Motivation

SPREAD-LIKE PARTITION OF V,, = Fjm X Fyn

Let m, k € ZT such that k|m and ged(p™ — 1,p* +p —1) = 1. Set

e =p™ —p¥ — p and d such that de = 1 mod p™ —
For s € Fym, set

Us={(z,52°) |z € Fpm} and U ={(0,2)|x € Fpm}.
Similarly,
Ve ={(2%,z) |z € Fym} and V = {(2,0)|z € Fym}.
For v of Fx, define
A= U U5 and B(y)= | W,

SE]Fpm sE]F
e ()= T (5) =

where U = U \ {(0,0)} and V;* =V, \ {(0,0)}. Then
[y ={U,A() |y €Fu} and To={V,B(y)|~€Fu},

are two partitions of Fpm x Fpm into p + 1 subsets.



Motivation
SPREAD-LIKE CONSTRUCTION

THEOREM (PIrsic-MEIDL (p = 2), A.-MEIDL (p ODD))

I. Let f be a function from Fym x Fpm to Fp, for which every c € F)
has the union of exactly p*=1 of the sets A(vy) (resp., B(y)) in its
preimage set. Further suppose that f is constant co on U (resp.,
V') for some ¢y € Fp,. Then f is a bent function.

IT. Let f: Fpm X Fpm — Zy such that every c € Z,yx has exactly one of
the sets A(7y) (resp., B(v)) in its preimage set, and f(x) = co for
allz € U (resp., x € V), for some co € Zyi. Then f is a bent
function.
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SPREAD-LIKE CONSTRUCTION

THEOREM (PIrsic-MEIDL (p = 2), A.-MEIDL (p ODD))

I. Let f be a function from Fym x Fpm to Fp, for which every c € F)
has the union of exactly p*=1 of the sets A(vy) (resp., B(y)) in its
preimage set. Further suppose that f is constant co on U (resp.,
V') for some ¢y € Fp,. Then f is a bent function.

IT. Let f: Fpm X Fpm — Zy such that every c € Z,yx has exactly one of
the sets A(7y) (resp., B(v)) in its preimage set, and f(x) = co for
allz € U (resp., x € V), for some co € Zyi. Then f is a bent
function.

Remark: The duals of the bent functions in I. of I'; are in I'g and vice
versa.
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Proposition: (Dillon (p = 2), A.-Meidl (p odd))
Let n = 2m an even integer, and let f :V, — IF, be a spread bent
function. Then f has (algebraic) degree deg(f) = (p — 1)m.



Remark: Spread-like partitions are different from spreads.

Proposition: (Dillon (p = 2), A.-Meidl (p odd))
Let n = 2m an even integer, and let f :V, — IF, be a spread bent
function. Then f has (algebraic) degree deg(f) = (p — 1)m.

Example: Let kjm, ged(p™ —1,p* +p—1) =1 and e = p* + p — 1. Let
f(z,y) : Fpm X Fpm — F,, defined by f(z,y) = Trp,(ax™y), for a
Nnon-zero o € FI;. Then f is a bent function obtained from

Iy = {U, A(7);y € F,r}. Moreover, the degree of f is (p —1)(m — 1).
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Definition: Let Q = {U, A44,..., Ak} be a partition of V,,. Suppose
that every function with the following properties is bent:
I Every c € F), has exactly K/p of the sets Ai,..., A in its
preimage set, and
IT f(z) = ¢ for all x € U and some fixed ¢y € ).
Then we call Q a bent partition of V.
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Bent Partition

Definition: Let Q = {U, A44,..., Ak} be a partition of V,,. Suppose
that every function with the following properties is bent:

I Every c € F), has exactly K/p of the sets Ai,..., A in its
preimage set, and

IT f(z) = ¢ for all x € U and some fixed ¢y € ).
Then we call Q a bent partition of V.

Example:
@ Spread and spread-like partitions are bent partitions.
© Similarly constructed I'y = {U, A(7) | v € F,»} with the following
values. (By MAGMA)

em=4k=2(ged2"—-1,2"+1)=5)ande=1ore=7
om=28 k=2 (ged2™ —1,2F +1)=5) and e = 23

Question: Are there other classes of bent partitions?



Bent Partition

Properties of bent partitions: (A.-Meidl, 2021)

Let Q = {U, Ay,..., Ak} be a bent partition of V,,. Then we have the
following.

Q@ p divides K.
@ n is an even integer.

© U is an affine subgroup of V,, of order p™/2.

il =p"?(p™? —1)/K for all j =1,..., K. Moreover,
|A;| > 2n/27Vif p = 2 and |A;] > (pV/2 +1)/2 if p is odd.



Bent Partition

BENT FUNCTIONS FROM BENT PARTITIONS

Let Q = {U, A1,..., Ak} be a bent partition of V,,. We consider
K = pk.

THEOREM (A.-MEILD, 2021)

[. Every function f :V, — Vi such that every element c € Vi has the
elements of exactly one of the sets Aj, 1 < j < K, in its preimage,
and U is mapped to cy € Vi, is bent.

I1. Every function f :V, — Z,x such that f(x) =j if x € A; and
f(x) =0 (w.lo.g.) if x € U, is bent.




Bent functions from I';

Recall:
Vy = Fpm X Fym, klm, ged(p™ — 1,p* +p—1) =1 and e = p™ — pF — p.

' ={U, A(v);v € ]Fpk}, where A(y) = U U
seF, m
T (5)=~

with Us = {(z,s52°) | x € Fpm } and U = {(0,2) | x € Fpm }.
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Bent functions from I';

Recall:
Vn :Fpm X Fpm7 k’m’ ng(pm— 17pk +p— 1) =1 and e:pm _pk —p.

Iy = {U, A(7);y € Fr}, where A(y) = U U:
SE]F m
Tr (s) v

with Us = {(z,s52°) | x € Fpm } and U = {(0,2) | x € Fpm }.

Let k1 < ko be two divisors of m with gcd( —1,pF +p—1)=1and

=pfi4p—1fori=1,2. DenotebyF ={U, Ai(v) | v € F, } the
bent partition corresponding to k; and define

Fi={f:Fpn —TF, : fisa bent function obtained from ng)}.

Proposition: (A.-Kalayci-Meidl, 2021)
Let d = ged(m, ko — k1). If p™(p — 1) > p"™/%(p® — 2)(p™ — 1), then
FiNF =0



Bent functions from I';

Idea of the proof:
Let As(v) € F(12) and

S| > p* L, where § = {A1(8) € TtV + A1(8) N A () # 0.

Suppose that f € F1 N Fp # 0. If f | 4,()= c then f |4, (5= c for all
Ai(8) € S, a contradiction to f being bent function.



Bent functions from I';

Idea of the proof:
Let As(v) € F(12) and

S| > p* !, where § = {A;(8) € TV A1(8) N Aa(v) # 0}

Suppose that f € F1 N Fp # 0. If f | 4,()= c then f |4, (5= c for all
Ai(8) € S, a contradiction to f being bent function.

For s € Fym, Ul = {(z,s2%) : x € Fpm} for i =1,2. We consider
Az(7) 2 U,

v n U1(2) # ) <= (v,52°) = (v,2°) for some = € Fym, i.e.,

Hence, Uél)* N U1(2)* £ () = s=y?"~! for some y € Fm, where
d = ged(m, ko — k1).
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For s; = yffl, Try (s1) = Try} (s2) if and only if

d—1 k a1
yh T =aP ! —x+y] ~ for some x € Fym.
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For s; = yffl, Try (s1) = Try} (s2) if and only if
pi—1 pk1 pi—1
Yy =P —x+y;  for some x € Fym.
= |S| is the number of cosets yP" =1 + Z where
Z= {xpkl —x : xe€Fpm}.
Consider the Kummer curve X : Y?P'~1 = XP"' — X + e, e € Fpm.
Hasse-Weil bound = N (X) < p™ 4 p™/2(p? — 2)(p** — 1), where
N(X) is the number of affine rational points.
(z,y) € X < (v +¢,(y) € X for c € Fp, and Pl =1.
— There are at most D := (p™ + p™/?(p? — 2)(p* — 1))/p" (p? — 1)
elements ypd_1 lying in e + Z.

pT—1
= |S] > »=DD"

pr(p—1) > p™2(p? —2)(ph — 1) = |S| > phrL .
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Bent functions from I';

Corollary: If ky < m or ks = m and k1 < m/4, then F; N Fy = ().
Open Cases: (ki,k2) = (m/2,m) and (k1,k2) = (m/3,m)
Lemma: If (k‘l,k‘g) (m/2 m) then Fy N Fa = 0.
Proof. Recall: v 0 U 75 h = s=y"""*~! for some y € Fm
m/2_ *
= [S] = {8 =Tr}; 5(s) s =y~ for some y € Fym }|
Note that Trz/Q(s) =s+s1 ie,
m m 1 1
TI'm/Q(SZ') = Tl"m/Q(S) < S5; + ;z =S+ g
= s; is aroot of T? — (1/s + 8)T + 1.
= There are at most two elements having the same relative trace.
— 1812 1/2H" 7 <y € Byl = (2 4 1)/2 >



Bent functions from I';

Corollary: If ky < m or ks = m and k1 < m/4, then F; N Fy = ().
Open Cases: (ki,k2) = (m/2,m) and (k1,k2) = (m/3,m)
Lemma: If (k‘l,k'g) (m/2 m) then F1 N Fy = 0.
Proof. Recall: v 0 U 75 h = s=y"""*~! for some y € Fm
m/2_ *
= [S| = {8 =Try, (s) s =y~ for some y € Fym}|
Note that Tr”ml/Q(s) =s+s 1 ie.,
m m 1 1
TI'm/Q(SZ') = Tl"m/Q(S) <~ s; + ;l =S+ g
= s; is aroot of T? — (1/s + 8)T + 1.
= There are at most two elements having the same relative trace.
— [S] > 1/21{y?"" 7t sy €Ty} = (2 4 1)/2 > /L

THEOREM (A.-KALAYCI-MEIDL, 2021)
If kl 75 kQ, then ./Tl ﬂ./T“Q = (Z)




We wish you healthy days!
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