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Motivation Bent Partition Bent functions from Γ1

p: a prime number

Vn: An n-dimensional vector space over Fp (like Fnp , Fpn or Fpm × Fpm)

Zpk : the cyclic group of order pk

Main Interest: Bent functions f : Vn → Vk or f : Vn → Zpk

Definition: f : Vn → Vk (resp., f : Vn → Zpk) is called bent if for any
character χ of Vn × Vk (resp., Vn × Zpk) that is non-trivial on Vk
(resp., Zpk) we have

|
∑
x∈Vn

χ(x, f(x))| = pn/2.



Motivation Bent Partition Bent functions from Γ1

p: a prime number

Vn: An n-dimensional vector space over Fp (like Fnp , Fpn or Fpm × Fpm)

Zpk : the cyclic group of order pk

Main Interest: Bent functions f : Vn → Vk or f : Vn → Zpk

Definition: f : Vn → Vk (resp., f : Vn → Zpk) is called bent if for any
character χ of Vn × Vk (resp., Vn × Zpk) that is non-trivial on Vk
(resp., Zpk) we have

|
∑
x∈Vn

χ(x, f(x))| = pn/2.



Motivation Bent Partition Bent functions from Γ1

p: a prime number

Vn: An n-dimensional vector space over Fp (like Fnp , Fpn or Fpm × Fpm)

Zpk : the cyclic group of order pk

Main Interest: Bent functions f : Vn → Vk or f : Vn → Zpk

Definition: f : Vn → Vk (resp., f : Vn → Zpk) is called bent if for any
character χ of Vn × Vk (resp., Vn × Zpk) that is non-trivial on Vk
(resp., Zpk) we have

|
∑
x∈Vn

χ(x, f(x))| = pn/2.
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εpj : primitive pj-th root of unity in C , i.e., εpj = e2πi/pj

For f : Vn → Vk and (a, b) ∈ Vn × Vk, define

Wf (a, b) =
∑
x∈Vn

ε〈a,x〉n+〈b,f(x)〉k
p ,

where 〈, 〉n and 〈, 〉k are non-degenerate inner products of Vk and Vn,
respectively.
For f : Vn → Zpk and (a, b) ∈ Vn × Zpk , define

Hf (a, b) =
∑
x∈Vn

ε〈a,x〉np ε
bf(x)

pk
,

f : Vn → Vk (resp., f : Vn → Zpk) is bent if |Wf (a, b)| = pn/2 (resp.,

|Hf (a, b)| = pn/2) for a ∈ Vn and any non-zero b ∈ Vk (resp., b ∈ Zpk).

Remark: In general, Vn = Fnp , Fpn or Fpm × Fpm , n = 2m, and
〈x, y〉 = x · y, 〈x, y〉 = Trn(xy) or 〈(x, y), (z, w)〉 = Trm(xz + yw),
respectively.
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Spread construction

Definition: A partial spread S of Vn, n = 2m, is a set of
m-dimensional subspaces of Vn that intersects trivially. If |S| = pm + 1,
then S is called a spread.

Example: Desarguesian Spread
Let Vn = Fpm × Fpm . For s ∈ Fpm , set

Us = {(x, sx) | x ∈ Fpm} and U = {(0, y) | y ∈ Fpm}.

Then S = {U,Us | s ∈ Fpm} is a spread.

Construction of bent functions with a spread:
Let S = {U0, U1, . . . , Upm} be a spread of Vn, n = 2m, and let B be an
abelian group of order pk for some 1 ≤ k ≤ m. We obtain a bent
function from Vn to B as follows.

1 For every c ∈ B, the non-zero elements of exactly pm−k of Uj ,
1 ≤ j ≤ pm are mapped to c.

2 The elements of U0 are mapped to a fixed c0 ∈ B.
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Spread-like partition of Vn = Fpm × Fpm

Let m, k ∈ Z+ such that k|m and gcd(pm − 1, pk + p− 1) = 1. Set
e = pm − pk − p and d such that de ≡ 1 mod pm − 1.
For s ∈ Fpm , set

Us = {(x, sxe) | x ∈ Fpm} and U = {(0, x) | x ∈ Fpm}.

Similarly,

Vs = {(xds, x) | x ∈ Fpm} and V = {(x, 0) | x ∈ Fpm}.

For γ of Fpk , define

A(γ) =
⋃

s∈Fpm
Trm
k

(s)=γ

U∗s and B(γ) =
⋃

s∈Fpm
Trm
k

(s)=γ

V ∗s ,

where U∗s = Us \ {(0, 0)} and V ∗s = Vs \ {(0, 0)}. Then

Γ1 = {U,A(γ) | γ ∈ Fpk} and Γ2 = {V,B(γ) | γ ∈ Fpk},

are two partitions of Fpm × Fpm into pk + 1 subsets.
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Spread-like construction

Theorem (Pirsic-Meidl (p = 2), A.-Meidl (p odd))

I. Let f be a function from Fpm × Fpm to Fp, for which every c ∈ Fp
has the union of exactly pk−1 of the sets A(γ) (resp., B(γ)) in its
preimage set. Further suppose that f is constant c0 on U (resp.,
V ) for some c0 ∈ Fp. Then f is a bent function.

II. Let f : Fpm × Fpm → Zpk such that every c ∈ Zpk has exactly one of
the sets A(γ) (resp., B(γ)) in its preimage set, and f(x) = c0 for
all x ∈ U (resp., x ∈ V ), for some c0 ∈ Zpk . Then f is a bent
function.

Remark: The duals of the bent functions in I. of Γ1 are in Γ2 and vice
versa.
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Remark: Spread-like partitions are different from spreads.

Proposition: (Dillon (p = 2), A.-Meidl (p odd))
Let n = 2m an even integer, and let f : Vn → Fp be a spread bent
function. Then f has (algebraic) degree deg(f) = (p− 1)m.

Example: Let k|m, gcd(pm − 1, pk + p− 1) = 1 and e = pk + p− 1. Let
f(x, y) : Fpm × Fpm → Fp defined by f(x, y) = Trm(αx−ey), for a
non-zero α ∈ Fkp. Then f is a bent function obtained from
Γ1 = {U,A(γ); γ ∈ Fpk}. Moreover, the degree of f is (p− 1)(m− 1).
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Motivation Bent Partition Bent functions from Γ1

Definition: Let Ω = {U,A1, . . . , AK} be a partition of Vn. Suppose
that every function with the following properties is bent:

I Every c ∈ Fp has exactly K/p of the sets A1, . . . , AK in its
preimage set, and

II f(x) = c0 for all x ∈ U and some fixed c0 ∈ Fp.
Then we call Ω a bent partition of Vn.

Example:

1 Spread and spread-like partitions are bent partitions.

2 Similarly constructed Γ1 = {U,A(γ) | γ ∈ Fpk} with the following
values. (By MAGMA)

m = 4, k = 2 (gcd(2m − 1, 2k + 1) = 5) and e = 1 or e = 7
m = 8, k = 2 (gcd(2m − 1, 2k + 1) = 5) and e = 23

Question: Are there other classes of bent partitions?
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Properties of bent partitions: (A.-Meidl, 2021)

Let Ω = {U,A1, . . . , AK} be a bent partition of Vn. Then we have the
following.

1 p divides K.

2 n is an even integer.

3 U is an affine subgroup of Vn of order pn/2.

4 |Aj | = pn/2(pn/2 − 1)/K for all j = 1, . . . ,K. Moreover,
|Aj | ≥ 2n/2−1 if p = 2 and |Aj | ≥ (pn/2 + 1)/2 if p is odd.
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Bent functions from bent partitions

Let Ω = {U,A1, . . . , AK} be a bent partition of Vn. We consider
K = pk.

Theorem (A.-Meild, 2021)

I. Every function f : Vn → Vk such that every element c ∈ Vk has the
elements of exactly one of the sets Aj, 1 ≤ j ≤ K, in its preimage,
and U is mapped to c0 ∈ Vk, is bent.

II. Every function f : Vn → Zpk such that f(x) = j if x ∈ Aj and
f(x) = 0 (w.l.o.g.) if x ∈ U , is bent.
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Recall:
Vn = Fpm × Fpm , k|m, gcd(pm − 1, pk + p− 1) = 1 and e = pm − pk − p.

Γ1 = {U,A(γ); γ ∈ Fpk}, where A(γ) =
⋃

s∈Fpm
Trm
k

(s)=γ

U∗s

with Us = {(x, sxe) | x ∈ Fpm} and U = {(0, x) | x ∈ Fpm}.

Let k1 < k2 be two divisors of m with gcd(pm − 1, pki + p− 1) = 1 and

ei = pki + p− 1 for i = 1, 2. Denote by Γ
(i)
1 = {U,Ai(γ) | γ ∈ Fpk} the

bent partition corresponding to ki and define

Fi := {f : Fpn 7→ Fp : f is a bent function obtained from Γ
(i)
1 }.

Proposition: (A.-Kalaycı-Meidl, 2021)
Let d = gcd(m, k2 − k1). If pm(p− 1) > pm/2(pd − 2)(pk1 − 1), then
F1 ∩ F2 = ∅.
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Idea of the proof:

Let A2(γ) ∈ Γ
(2)
1 and

|S| > pk1−1, where S = {A1(β) ∈ Γ
(1)
1 : A1(β) ∩ A2(γ) 6= ∅}.

Suppose that f ∈ F1 ∩ F2 6= ∅. If f |A2(γ)= c then f |A1(β)= c for all
A1(β) ∈ S, a contradiction to f being bent function.

For s ∈ F∗pm , U
(i)
s = {(x, sxei) : x ∈ Fpm} for i = 1, 2. We consider

A2(γ) ⊇ U (2)
1 .

U
(1)
s

∗
∩ U (2)

1

∗
6= ∅ ⇐⇒ (x, sxe1) = (x, xe2) for some x ∈ F∗pm , i.e.,

s = xp
k1 (pk2−k1−1)

Hence, U
(1)
s

∗
∩ U (2)

1

∗
6= ∅ ⇐⇒ s = yp

d−1 for some y ∈ F∗pm , where
d = gcd(m, k2 − k1).
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For si = yp
d−1
i , Trmk1

(s1) = Trmk1
(s2) if and only if

yp
d−1

2 = xp
k1 − x+ yp

d−1
1 for some x ∈ Fpm .

=⇒ |S| is the number of cosets yp
d−1 + Z, where

Z = {xpk1 − x : x ∈ Fpm}.

Consider the Kummer curve X : Y pd−1 = Xpk1 −X + e, e ∈ Fpm .

Hasse-Weil bound =⇒ N(X ) ≤ pm + pm/2(pd − 2)(pk1 − 1), where
N(X ) is the number of affine rational points.

(x, y) ∈ X ⇐⇒ (x+ c, ζy) ∈ X for c ∈ Fpk1 and ζp
d−1 = 1.

=⇒ There are at most D := (pm + pm/2(pd − 2)(pk1 − 1))/pk1(pd − 1)

elements yp
d−1 lying in e+ Z.

=⇒ |S| ≥ pm−1
(pd−1)D

.

pm(p− 1) > pm/2(pd − 2)(pk1 − 1) =⇒ |S| > pk1−1 .

�
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N(X ) is the number of affine rational points.

(x, y) ∈ X ⇐⇒ (x+ c, ζy) ∈ X for c ∈ Fpk1 and ζp
d−1 = 1.

=⇒ There are at most D := (pm + pm/2(pd − 2)(pk1 − 1))/pk1(pd − 1)

elements yp
d−1 lying in e+ Z.

=⇒ |S| ≥ pm−1
(pd−1)D

.

pm(p− 1) > pm/2(pd − 2)(pk1 − 1) =⇒ |S| > pk1−1 .
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Corollary: If k2 < m or k2 = m and k1 ≤ m/4, then F1 ∩ F2 = ∅.

Open Cases: (k1, k2) = (m/2,m) and (k1, k2) = (m/3,m)

Lemma: If (k1, k2) = (m/2,m) then F1 ∩ F2 = ∅.
Proof. Recall: U

(1)
s

∗
∩ U (2)

1

∗
6= ∅ ⇐⇒ s = yp

m/2−1 for some y ∈ F∗pm .

=⇒ |S| = |{β = Trmm/2(s) : s = yp
m/2−1 for some y ∈ F∗pm}|

Note that Trmm/2(s) = s+ s−1, i.e.,

Trmm/2(si) = Trmm/2(s)⇐⇒ si +
1

si
= s+

1

s
.

=⇒ si is a root of T 2 − (1/s+ s)T + 1.
=⇒ There are at most two elements having the same relative trace.
=⇒ |S| ≥ 1/2|{ypm/2−1 : y ∈ F∗pm}| = (pm/2 + 1)/2 > pm/2−1.

�

Theorem (A.-Kalaycı-Meidl, 2021)

If k1 6= k2, then F1 ∩ F2 = ∅.
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We wish you healthy days!
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