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Abstract

Maximum Hermitian rank metric codes were introduced by Schmidt in 2018 and in this
paper we propose both interpolation-based encoding and decoding algorithms for this family
of codes when the length and the minimum distance of the code are both odd.

1 Introduction

Let F;*™ be the set of the square matrices of order n defined over F,, which is the finite field of
q elements. We can equip Fy*" with the following metric

d(A, B) = tk(A — B),

where rk(A — B) is the rank of the difference matrix A — B. If C is a subset of Fj*" with the
property that for each A, B € C then d(A,B) > d with 1 < d < n, then C is called a rank
metric code with minimum distance d, or that C is a d-code [9]. Furthermore, we say that C is
Fg-linear if C is an [F,-subspace of (Fg™", +, -), where + is the classical matrix addition and - is
the scalar multiplication by an element of F,. Examples are rank metric codes whose codewords
are alternating matrices [4], symmetric matrices [6l [8, [I3] and Hermitian matrices [9, 11]. In
this paper we deal with the latter case.

Consider the conjugation map - from F 2 to itself: z +— 7 = 29. Let A € F™™ and denote by
A* its conjugate transpose, that is A* is obtained by the transposition of the matrix A in which
the conjugate map is applied to all of its entries. A matrix A € FZQX" is said to be Hermitian if
A* = A. Denote by Hy,(¢?) the set of all Hermitian matrices of order n over F,2. In [9, Theorem
1], Schmidt proved that if C is an Fy-linear rank metric code with minimum distance d contained

in H,(¢?), then
‘C| < qn(n—d-‘rl)‘

When the equality is achieved, we say that C is a maximum Hermitian d-code or a maximum
Hermitian rank metric code.

Each rank metric code can be described equivalently in terms of g-polynomials. Let £, 4
denote the quotient F4-algebra of the algebra of linearized polynomials over Fy» with respect to

(x —29"), ie.
n—1 )
Lng = {Zaixq ja; € Fqn} .
i=0

It is well known that £,, 4 is isomorphic to the [F4-algebra of square matrices over IF,. Using this
fact and following [6], the set H,(¢?) of Hermitian matrices of order n over F 2 can be identified
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as the following set of linearized polynomials

n—1
2 2n—2i+1 .
:{ g cix? iy =c! for ZG{O,...,n—l}}Qﬁqu,
i=0

where the indices are taken modulo n. Note that if n is odd then ¢(,1)/2 belongs to Fyn.

There are some examples of maximum Hermitian d-codes, see [9, [11]. The first two examples
were given in [9, Theorems 4 and 5]. In this abstract, we consider the decoding of the following
class of codes.

Theorem 1.1 [9, Theorem 5] Let n and d be odd integers satisfying 1 < d < n. The Hermitian
forms H : Fon X Fon — Fp2 given by H(x,y) = Tr (y?L(x)) with

n—d
N
(n+1) (n+25+1) (n—2j5+1)
L(z) = (b)) + 3" ((bjx)q + bl ) , (1)
j=1
as by ranges over Fyn and by, ...,bn_a range over Fon, form an additive d-code in H,(¢?), the
2

n—1

set of n x n Hermitian matrices over Fz2, and for z € Fpan we define Tr(z) = z+ 29+ ...+ 21
which stands for the trace function Tr: Fon — F e

The above statement also holds when one extends the ¢?-polynomials to ¢%*-polynomials with
the integer s satisfying ged(s,2n) = 1.

Our work in this abstract is also motivated by the recent work of De La Cruz, Evilla and
Ozbudak [3], where in Section 6 they suggested studying decoding algorithm for Hermitian rank
metric codes. A summary of the existing interpolation-based decoding algorithms of rank metric
codes is given in [5], Section V.].

2 Encoding and Decoding of Hermitian MRD codes

2.1 Encoding

Assume that {a1,...,a,} is an Fp-basis of Fj2n such that Tr(afa;) is zero if i # j and 1 if
i = j. The property we require on the basis {a1, ..., a,} naturally extends the notion of self-
dual basis in this setting, for this reason we will call it a Hermitian self-dual basis and such a
basis always exists, see e.g. [I, Theorem 4.1]. Throughout what follows, we denote gl = 2
for the simplicity of presentation

Let L(x) as in Theorem 1.1} For the Hermitian form in Theorem we have

H(z,y) = Tr(y?L(z)) = Tr(z?L(y))-

Let @,y € Fyon, then x = Yo iy and y = Y iy, for some m,y; € F,2. It is clear that
Tr(x%y) = ((«f,...,2%), (W1,- - yn)) = > q xly;. Now, denote by H the associated matrix
of H with respect to the ordered I 2-basis (a1,...,a,) and denote by H(i,j) its (i, j)-entry,
namely, H(i, j) = H(ay, a;j) = Tr(ajL(a;)).

In the following we show how the codewords of the additive d-code in Theorem can be
expressed in the Hermitian matrix form. Note that

q
H(z,y) ="Tr <Z yiai> Z:ch(aj) =Tr Z ylz;adL(ay)
i J ]

I

= ylaTr (afL(ay)) Zyzwg (1,9) = W1y yn)?-H -

Zj l.n



In the literature, no encoding method has been given for Hermitian d-codes. In the following
we show that the evaluation of the corresponding linearized polynomial at linearly independent
elements ag, ..., a, is a proper encoding method.

Let h = (h1, ..., h,) be the Hermitian vector corresponding to the Hermitian matrix #, that

h - E a’b a27 aT

Since H (i, o) = Tr(ad f(a)), we can write h, as

is

h, = Z%TT a; L (o)) ZOész achjaj ZaZZc]Tr o a] chal,

J

where L(ay) = > ,cjoy, by using the fact that L(x) is linear over Fp and the fact that
(a1,...,qp) is a Hermitian self-dual basis. From the above calculations we see that the evalua-
tion encoding is the right way of encoding Hermitian d-codes, since h, = L(a;).

Let m = (n+1)/2, k = (n—d)/2 and H be the Hermitian form given in Theorem Then
the linearized polynomial in can be written as

L(z) = (box)l™ + ((bjl’)[m+j] + bj-x[m_j]) :
j=1

Let {1,n} be an Fyn-basis of Fy2n. Let ag,a1,...,a,—1 be a Hermitian self-dual basis of Fen.
For the maximum Hermitian d-code in Theorem and the evaluation points ag, a1, ..., Qp—1,
the encoding of a message f = (fo,..., fr-1) € F’;n can be expressed as the evaluation of the
following linearized polynomial at points ag, aq, ..., qp_1:

L(:L‘) = (f()SU) + (Z(f]+77fk 1 )qx[m ]]+<f]+77fk 1y )[m-f—j})

= for+ fizl + .-+ fu_qali—il,

(2)

Let M = <a£j]> be the n x n Moore matrixz generated by «;’s. So the encoding of the
nxn
maximum Hermitian rank metric code can be expressed as
(fo,...,fk_l) — (L(ao),...,L(an,l)) :f'MT, (3)

where f = (fo, N 1) and M7 is the transpose of the matrix M. As shown in . the first
m — x and the last m — k — 2 elements of f are zero, we only employ k columns of the Moore
matrix in the encoding process.

2.2 Interpolation Decoding

For a received word r» = c+e with an error e added to the codeword c during transmission, when
the error e has rank ¢ < L%J, the unique decoding task is to recover the unique codeword c
such that d.(c,r) < |42 ].

Suppose g(z) = Z?:_ol gzl is an error interpolation polynomial such that
gla))=e;=ri—c;, i=0,...,n—1. (4)

It is clear that the error vector e is uniquely determined by the polynomial g(x), and denote
g=1(90---,9n—1). From and it follows that

r=c+e=(f+gMT



This is equivalent to
- (MT)_I :(07'")O7fm—/iv"‘7fm+f$507"'70)
+ (907 ey 9m—k—19m—ks - - - s Itk m4r+1y - - - 79n—1)‘

where f,, = fo[m] and for j = 1,2, -+ , Kk, fm_j = (fj + nfst5)? and fm+j = ffnnj;j. Letting
B=(Bo--Pn-1)=r1" (MT)_l, we obtain

{(907 cee ’gm—n—l) = (ﬂ07 cee 7/Bm—n—1)

(gm+f-c+17 e 7971—1) = (ﬁm—i—n—&-la R 7/877,—1)

()

Equivalently, we have

Im+k+j = Bm—&-n—i—j for j = 17 2) e 7d - 17 (6)
where the subscripts are taken modulo n. In addition, we have
Im—k+j = Bmfn+j - fmfﬁ+j for j =1,...,2k. (7)
~qn+2j

With the relation fmﬂ =

I9m+r+1s--+-s9m-

Therefore, the task of correcting error e is equivalent to reconstructing g(z) from the available
information characterized in the above relations @ and then apply g(x) to recover f . This
reconstruction process heavily depends on the property of the associated Dickson matrix of g(x)
and will be discussed in next subsection.

m—j for 1 < j < k, it is sufficient to recover the coefficients

2.3 Polynomial reconstruction

The Dickson matrix associated with g(x) can be given by

G= (gl[jjj (mod n))an = (GO Gl o Gn—l); (8)

where the indices ¢, j run through {0,1,...,n — 1} and Gj is the j-th column of G.

According to the properties of the Dickson matrix, when D has rank ¢, any ¢ X t matrix
formed by t successive rows and columns in G is nonsingular, see e.g. [12] and [2]. Then Gg can
be expressed as a linear combination of Gq,...,G, namely, Gog = A\1G1 + MGy + -+ + MGy,

where A1, ..., A are elements in F2.. This yields the following recursive equations
1 2 .
9= Mgl + gy agll, 0<i<n, (9)
where the subscripts in g;’s are taken modulo n. Recall that the elements gg, ..., gm—x—1 and
Im—tk+1s - -5 gn—1 are known from . Hence, we obtain the following linear equations with
known coeflicients and variables \q, ..., A\
gi = Algl[l_]l +)\ggl[2_}2+--~+)\tgl[t_]t, m+rk+t+1<i<n+m-—k (modn). (10)

The above recurrence gives a generalized version of ¢-linearized shift register as described in
[10], where (A1,...,A;) is the connection vector of the shift register. It is the key equation for
the decoding algorithm in this paper, by which we shall reconstruct g(x) in two major steps:

Step 1. derive Aq,..., N\ from and ;
Step 2. use Ay, ..., A\; to compute gm—k, - - - gmirx from @

Step 1 is the critical step in the decoding process, and Step 2 is simply a recursive process that
can be done in linear time in Fg2n. The following discussion shows how the procedure of Step 1
works.

As discussed in the beginning of this section, for an error vector with rk(e) = ¢t < |45,
contains a system of (n — k) —t = d — 1 —t > t affine linear equations in the variables
A1, - -+, A, which has rank ¢. Hence the variables A1, ..., A¢ can be uniquely determined. Here we
assume the code has high code rate, for which the Berlekamp-Massey algorithm is more efficient.
Although the recurrence equation is a generalized version of the ones in [7, [10], the modified
Berlekamp-Massey algorithm can be applied here to recover the coefficients Ay, ..., A:.
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Conclusion

In this abstract we have proposed both interpolation-based encoding and decoding algorithms for
a family of maximum Hermitian rank metric codes when the length and the minimum distance
of the code are both odd. In the future we will extend it to other classes of maximum rank
distance codes with restrictions.
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