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Difference sets: Partial Geometric Difference Sets

» A k-subset D of an abelian group G is a (v, k, A, n) difference sets
(DS) if and only if every nonprincipal character x satisfies
IX(D)| = v/n.

> A k-subset R of an abelian group G is an (m, u, k, \) semiregular
relative difference set (RDS) if and only if (i) every nonprincipal
character y that is nonprincipal on U satisfies |x(R)| = vk and (ii)
every nonprincipal character y that is principal on U satisfies
IX(R)| = 0.

> A k-subset S of an abelian group G is a partial geometric difference
set in G with parameters (v, k; «, 5) if and only if [x(S)| = V8 — «
or x(5) = 0 for every non-principal character y of G.



Combinatorial Designs: Partial Geometric Difference Sets

Let G be a group of order v and let S C G be a k-subset. For each
g € G, we define

5(g) = {(s,t) € S x S: g = st}

Let G be a group of order v. A k-subset S of G is called a partial
geometric difference set (PGDS) in G with parameters (v, k; «, 3) if there
exist constants « and 3 such that, for each x € G,

1y J oo ifx ¢S,
y%&(xy 1)_{5 ifxeS$

If DC Gisa(v,k,\)-DS, then D is a (v, k; kA, k + (k —1)\)-PGDS
in G.



An infinite family of PGDS

» Let s be an integer and C,, be the class of elements of Z35 having
exactly m ones as components.

» S := the set union of classes C,, with m=2,3 mod 4.

» if s is odd then x(S) is either 0 or 25 for any non-principal
character. Olmez 2014

» If sis even S is a difference set. Menon 1960



Boolean functions from the support sets

1 if S
f(x) = IXG_ . where S =UC,; and m=2or3 mod 4
0 otherwise

f(x0, X1, X2, X3, X4) =
XoX1 + Xox2 + XoX3 + XoXa + X1X2 +

f(x0, X1, X2,X3) =
X1X3 + X1X4 + XoX3 + XoX4 + X3X4

XoX1 + XoX2 + XoX3 + X1 X2 + X1 X3 + X2X3

Fourier spectra = {+22} Fourier spectra = {0,423}
Bent function: Plateaued function:
Fourier spectra = {+2"/2} Fourier spectra = {0, £2t} for

some integer t



Combinatorial designs

» (D1974 )Having a (2°,25°1 4 2(s-2)/2 25-2 4 2(s=2)/2) _ DS in 7§
is equivalent to having a bent function from Z3 to Z,.
2 — (v, k, \)-designs:
NJ=rd, JN=kJ and NN = (r—N)I+X\J

» (02015 )The existence of a (v = 2°, k; «, 3) — PGDS satisfying
B — a = 22=2 for some integer t and k € {2571 2571 4 2t~ 11 jg
equivalent to the existence of a plateaued function f with
Fourier spectrum of {0, +2f}
Partial geometric designs:
JN=kJ, NJ=rJ and NN'N = (5 —a)N+aJ



Another Example

» D := a Hadamard difference set in
» S=(D,0)J(Z5\ D,1) a subset of Z5™
> X(S2) is either 0 or 2° for any non-principal character of Z;H.

» For instance (16, 6,2)-Hadamard difference set yields a partial
geometric difference set with parameters (32, 16; 120, 136)

5 =1{(1,1,0,0,0),(1,0,1,0,0), (0,1,1,0,0),(1,1,1,0,0),
(1,0,0,1,0),(0,1,0,1,0),(1,1,0,1,0),(0,0,1,1,0),
(1,0,1,1,0),(0,1,1,1,0),(0,0,0,0,1),(1,0,0,0, 1),
(0,1,0,0,1),(0,0,1,0,1),(0,0,0,1,1),(1,1,1,1,1)}

f (X0, X1, X2, X3, Xa) = XoX1 + XoX2 + XoX3 + Xx1X2 + X1X3 + X2X3 + Xa



Combinatorial designs

Suppose f is a plateaued function with Spec = {0, £2*} for some integer

t. Define F = (—1)f and a matrix My = (my,) where m,, = F(x + y).
Then,

(M?)xy = ((F % F) = F)(x +y).

Let A= (F = F) = F. Then, the Fourier transform of Ais A= F - F - F.
Now by Fourier inversion

A(x +y) =22 F(x + y).

Hence the equation Mf = 22! Mr holds.
Incidence matrix of PGD:

1
N =2 (Mr+J)



p-arry bent functions

2im

> (p=er.
» f := a function from the field F,n to [Fp,.
» A function from Fpn to Fj, is caIIedna p-ary bent function if every
Walsh coefficient has magnitude p2.
>
R ={(x,f(x)):x € Fpn}

is a (p", p, p", p"~1)-relative difference set in H = Fpn x F,,



p-arry bent functions

2im

> (p=er.
» f := a function from the field F,n to [Fp,.

» A function from Fpn to [Fj, is called a p-ary bent function if every
Walsh coefficient has magnitude p2.

R ={(x,f(x)):x € Fpn}
is a (p", p, p", p"~1)-relative difference set in H = Fpn x F,,

» Any non-principal character x of the additive group of Fyn x [Fp
satisfies |x(R)|?> = p" or 0. This observation reveals that the relative
difference set R is indeed a partial geometric difference set.
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Weakly regular bent functions

» weakly regular bent function:= if there exists some function
*
5 Fpn = TFp

such that We(x) = I/p”/zcg*(x).
> Let f be a bent function from the field 325 to I3 satisfying
f(—x) = f(x) and f(0) = 0 and
Di={xe€Fsps :f(x)=i}, i=0,1,2

The sets Dy \ {0}, D1 and D, are all partial difference sets if and only
if £ is weakly regular. Pot et. al. 2010

» if f is weakly regular bent function from F32s+1 to I3 then the sets
Dy, D1 and Dy are all partial geometric difference sets. Olmez 2017

11 /99



An example from planar functions

» f(x) = Tr(yP(x)) from a planar function P and -y # 0.( all mappings
x — P(x + a) — P(x) are bijective for all a # 0)

> Let s =1 and f(x) = Tr(x?).

| Sets [v]k]o]P ]
Dy 27| 9 | 24 | 33
D 27| 6 6 15
D, 27 |12 ] 60 | 69
DiuD, | 27 | 18 | 210 | 219
DouUD; | 27 | 21 | 336 | 345
DouUD; | 27 | 15 | 120 | 129
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Vectorial functions

» Let F be a vectorial function from Fyn to Fpm. For every b € Fm, the
component function Fy, of F from F,» to IF, is defined as
Fp(x) = Trm(bF(x)).

» A vectorial function is called vectorial plateaued if all its nonzero
component functions are plateaued. If the nonzero component
functions of a vectorial plateaued function are s-plateaued for the
same 0 < s < n then F is called as s-plateaued

The set Gr = {(x, F(x)) : x € Fpn} is called the graph of F.

» Cesmelioglu and O. 2018 A vectorial function F : Fpn — Fpm is

s-plateaued if and only if its graph is a
(pn—f—m’ pn; p2n—m _ pn—i-s—m’ pn+s 4 p2n—m _ pn+s—m) — PGDS.

v
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Vectorial functions: 3-valued autocorrelations

> Let F(x) = x9 be a vectorial function from F,» to Fpn with
ged(d, p" — 1) = 1. If the cross-correlation of the p-ary m-sequences
that differ by decimation d takes three values, namely —1, —1 + pnzs
and —1 — p%, then F is a vectorial s-plateaued function.
Cesmelioglu and 0. 2018

» Let n > 3 be an integer and d = WT“ with ged (n, k) = s and n/s is
odd. For i =0,1,2 the sets D; = {x : F(x) = Try(x9) = i} are
(37,371, 32n=3 _ 3n=2 3n—1 4 32n=3 _ 3n-2) partial geometric
difference sets in the additive group of F3». Cesmelioglu and O.
2018
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Difference Criteria |

6((x,¥)) = H((s1, t1), (52, t2)) € GF x GF:
X=8—S,y=t —tb= F(Sl) — F(S2)}|
=|{s2€Fp:y=F(ss+x)— F(s2)}|

So the criteria for PGDS is given by

[ ify#FK),
2l ay = Fla) - {8 22

and hence

- _Ja ify #F(x),
aEZ:Fpn\{SEIFPn.y—F(s—i—x—a)—F(s)—i—F(a)}]—{ 5 d:F(X)

15 /99



Example: Perfect nonlinear

A p-ary function is called perfect nonlinear if
{s€Fpn:y=Ff(s+x)—Ff(s)}=p""

for all x € Fj» Graph of f is a PGDS.

S s €Fpoiy = (s +x — a) — f(s) + f(a)}

a€Fyn

= s €Fp:y=Ffx)}

+ Y. Hs€Fp:y—f(a)=Ff(s+x—a)—f(s)}]
acFpn,a#x

_ { (p"—1)p"! if y # f(x),
(p"—=1)p"t+p" ify=f(x)

16 /29



Difference Criteria Il

Replace y in the expression
y=F(s+x—a)— F(s)+ F(a)

by F(x) — c for c € Fpn. Then

Y s €Fp:y=F(s+x—a)— F(s)+ F(a)}]

BEFPn
=|{(t,a) € Fpn x Fpn: DeF(a) — D:F(x) = c}|
:NF(C,X)

17 /9299



Difference Criteria Il

Let F be a function from Fpn to Fpm. Then the set Gg is a PGDS with
parameters (p"*™ p"; «, 3) if and only if

S VA

for all x € Fpn and some constants o and 3.

19 /299



p-arry s-plateaued functions

> M= (my,) beap”x p” matrix where my , = C;(Xﬂ). Then, f is an
s-plateaued function if and only if

MM*M = p"tsM (1)

where M* is the adjoint of the matrix M. C. and O. 2018
» A g" x g" Butson-Hadamard matrix M also satisfies

MM*M = q"M.

Our result implies that M can be associated with 0—plateaued
function.

» Mesnager et al 2015 f is an s-plateaued function from Fj» to I, if
and only if the expression ) beF ,?anf(”) does not depend on
u € Fpn. This constant expression equals to p™+s.
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Partially bent relative difference sets

Let G = H x N, A be a subgroup of G such that AN N = {(0,0)}, and
B =A@ N. Suppose that |H| = m,|N| = n,|A| = I. We call a k-subset
R of G an (m, n,/, k, \)-partially bent relative difference set if R, Rz, R3
hold:

Ri (x,y) € G\ B can be represented in the form rn — 2, ri,» € R in
exactly A ways, where we put A = p"1.

Ry (x,y) € B\ A has no representation in the form r; — 2, 1, € R.
R3 (x,y) € A can be represented in the form r; — r2, r1,» € R in exactly
|R| = k ways. C. M. and T. 2014
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Partially bent relative difference sets

> Let f be partially bent with f(0) = 0, and I be its linear space
(dimension s). We consider the sets A = {(a,f(a)) :a€ T} and
B={(a,y):aerl,yeclF,}.

» Then the graph of s-partially bent functions from F,» to F, is a
(p", p, p°, p", p"~1)-partially bent relative difference set.

> Let f be an s-plateaued function with f(0) = 0 and linear structure A
of dimension m. Then the incidence matrix A of the design associated
with the partial geometric difference set G can be written as a
Kronecker product of 1 x p™ all-ones matrix j and an incidence
matrix N of a partial geometric design. C. and O. 2018
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