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Introduction Shifts of Plateaued Functions Differential Properties

Recall: A Boolean function f : Vn → F2 is called bent if
|Wf (u)| = 2n/2 for all u ∈ Vn, where

Wf (u) =
∑
x∈Vn

(−1)f(x)+〈u,x〉

where the inner product 〈u, x〉 = Tr(ux) if Vn = F2n , and 〈u, x〉 = u · x
if Vn = Fn2 .

f is bent ⇐⇒ Da(f) := f(x+ a) + f(x) is balanced for all nonzero
a ∈ Vn.
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Introduction Shifts of Plateaued Functions Differential Properties

Recall: For a Boolean function f : Fn2 → F2 the unitary transform
Ucf : Fn2 → C is defined as

Ucf (u) =
∑
x∈Fn

2

(−1)f(x)+sc2(x)ic·x(−1)u·x ,

where y · z denotes the dot product of y, z ∈ Fn2 , and

sc2(x1, . . . , xn) =
∑

1≤i<j≤n
(cixi)(cjxj) if c = (c1, . . . , cn).

Definition:

f is called c-bent4 if |Ucf (u)| = 2n/2 for all u ∈ Fn2 for some c ∈ Fn2 .

f is c-bent4 ⇐⇒ Dca(f) := f(x+ a) + f(x) + c · (a� x) is balanced for
every nonzero a ∈ Fn2 , where a� x := (a1x1, . . . , anxn).
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Remarks:

For c = 0 respectively c = (0, . . . , 0), Vcf (u) respectively Ucf is the
conventional Walsh transform Wf (u).

A 1-bent4 function is called a negabent function.

If f : F2n 7→ F2 is a c-bent4 function, c 6= 0, then the function
f̃(x) = f(c−1x) is a negabent function. Using σc(c−1x) = σ1(x),
one can get Vcf (u) = V1

f̃
(c−1u).

Vcf (u) is defined to describe the component functions of modified
planar functions F : F2n → F2n , i.e. functions for which
F (x+ a) + F (x) + ax is a permutation of F2n for all a ∈ F∗2n .
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Theorem (Parker, Pott, 2007; Stănică et al., 2013; Su et al,
2013; Zhou, 2013):

Let f : Fn2 → F2.

For n even, f is c-bent4 ⇐⇒ f + sc2 is bent.

For n odd, f is c-bent4 ⇐⇒ f + sc2 is semibent, i.e.
Wf+sc2

(u) ∈ {0,±2(n+1)/2}, and Wf+sc2
(u)Wf+sc2

(u+ c) = 0 for all
u ∈ Fn2 .

Theorem (Anbar, Meidl, 2017):

Let f : F2n → F2.

For n even, f is c-bent4 ⇐⇒ f + σc(x) is bent.

For n odd, f is c-bent4 ⇐⇒ f + σc(x) is semibent, i.e.
Wf+σc(x)(u) ∈ {0,±2(n+1)/2}, and Wf+σc(x)(u)Wf+σc(x)(u+ c) = 0
for all u ∈ F2n .



Introduction Shifts of Plateaued Functions Differential Properties

Definition: f : Vn → F2 is s-plateaued if, for all u ∈ Vn,
Wf (u) ∈ {0,±2(n+s)/2}.

Definition: A function f is called partially bent if Da(f) is either
balanced or constant for all a ∈ Vn.

Λ(f) = {a ∈ Vn|Da(f) is constant}: the linear space of f .

f is partially bent =⇒ Wf (u) ∈ {0,±2(n+s)/2}, s := dim(Λ(f)).
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Question: What happens when we shift plateaued/partially bent
functions?

Lemma:

Let f : Vn → F2 and c ∈ Vn be arbitrary. We have

Λc(f) = Λ(f + σ̃c) ∩ {a ∈ Vn : 〈c, a〉 = 0},

where

σ̃c(x) =

{
σc(x) when Vn = F2n ,
sc2(x) when Vn = Fn2 .

Thus dim(Λc(f)) = dim(Λ(f + σ̃c)) or dim(Λc(f)) = dim(Λ(f + σ̃c))−1.
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Lemma:

(i) Let n+ s be even. A function f : Vn 7→ F2 is c-s-plateaued if and
only if f + σ̃c is s-plateaued and |Wf+σ̃c(u)| = |Wf+σ̃c(u+ c)| for
all u ∈ Vn.

(ii) Let n+ s be odd. A function f : Vn 7→ F2 is c-s-plateaued if and
only if f + σ̃c is s+ 1-plateaued and Wf+σ̃c(u+ c) = 0 for any
u ∈ Vn with |Wf+σ̃c(u)| 6= 0.
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Theorem (Anbar, K., Meidl, Topuzoğlu):

Let g : Fn2 7→ F2 be an s-plateaued function. Put f = g + sc2, c ∈ Fn2 .
Then the functions g and f satisfy exactly one of the following
additional properties.

(i) g is s-partially bent and f is s-partially c-bent4;

(ii) g is s-partially bent and f is (s− 1)-partially c-bent4;

(iii) g is s-plateaued but not partially bent and f is c-s-plateaued, but
not partially c-bent4;

(iv) g is s-plateaued but not partially bent and f is c-(s− 1)-plateaued,
but not partially c-bent4;

(v) g is s-plateaued but not partially bent and f is (s− 1)-partially
c-bent4;

(vi) g is s-plateaued but not partially bent and f is not plateaued at all.
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Recall: A (m,n, k, λ)-relative difference set R in a group G of order
mn, relative to a subgroup B of G of order n, is a k-elementary subset
of G such that every element in G \B can be written as r1 − r2,
r1, r2 ∈ R, in exactly λ ways, and there is no such representation for any
nonzero element in B. The subgroup B is called the forbidden subgroup.

If G = A×B, then R is called a splitting relative difference set.

Recall: f is bent ⇐⇒ the graph of f , Gf := {(x, f(x)) : x ∈ Vn} is a
(2n, 2, 2n, 2n−1) splitting RDS in Vn × F2 with the forbidden subgroup
{0} × F2.
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Let (Vn × F2, ∗c) be the group, where ∗c is defined by

(x1, y1) ∗c (x2, y2) = (x1 + x2, y1 + y2 + Tr(c2x1x2)) if Vn = F2n

and

(x1, y1) ∗c (x2, y2) = (x1 + x2, y1 + y2 + c · (x1 � x2)) if Vn = Fn2 .

Note that (Vn × F2, ∗c) ∼= Zn−1
2 × Z4 for c ∈ Vn \ {0}.

f : Vn 7→ F2 is c-bent4 ⇐⇒ Gf = {(x, f(x)) : x ∈ Vn} is a
(2n, 2, 2n, 2n−1) RDS in (Vn × F2, ∗c) relative to {0} × F2.
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Theorem (Anbar, K., Meidl, Topuzoğlu):

Let f : F2n 7→ F2 be an s-partially c-bent4 function. Then the graph
Gf = {(x, f(x)) | x ∈ F2n} is a (2n−s, 2, 2s, 2n, 2n−1)-pre-relative
difference set in G = (F2n × F2, ∗c).

Let G be an abelian group of order mnl and A ⊂ B be subgroups of G
of orders |A| = l, |B| = nl. A k-subset R of G is a pre-relative
difference set relative to B \A with parameters (m,n, l, k, λ), if the
following conditions hold:

(1) g ∈ G \B can be represented as r1 − r2, for r1, r2 ∈ R in exactly λ
ways for some λ > 0;

(2) g ∈ B \A has no representation of the form r1 − r2, for r1, r2 ∈ R;

(3) g ∈ A can be represented as r1 − r2, for r1, r2 ∈ R in exactly
|R| = k ways.
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